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QUANTUM CHAIN

[algebra of observables, quantum Lax operators, YBE, etc. ]

I Transfer matrix

I Hamiltonian as a local operator in
algebra of observables

I Bethe Ansatz and application to
physics

I Evolution operator

I Hamiltonian as the logarithm of
evolution operator

I Bethe Ansatz and application to
physics



Attractive lattice Bose gas with XXZ -type impurities

Algebra of observables is the set aj,n, a
†
j,n, nj,n [j = 1, 2, 3, n = 1, . . . ,N]

of q-oscillators,

[a, a†] = (1− q2)q2n , [a, n] = −a , [a†, n] = a†

Two types of quantum Lax operators and their transfer matrix:

Mn(u) =

(
qn3,n ua†3,n

−q−1a3,n uqn3,n

)
/Bose gas type/

Ln(u) =

(
uqn1,n − e iεqn2,n −ue iεa1,na

†
2,n

−q−1a2,na
†
1,n uqn2,n − e iεqn1,n

)
/XXZ type /

t(u) = Tr
(

M1(u)L1(u)M2(u)L2(u) · · ·MN(u)LN(u)

)
Conserving charges: local spins and the occupation number

sn =
1

2
(n1,n + n2,n) /centers of Ln/ and K =

∑
n

(n2,n + n3,n)



Evolution operator

Definition of U :

UMn(u)Ln(u) = Ln(u)Mn+1(u)U ⇒ Ut(u) = t(u)U .

Corollary: U|0〉 = |0〉 and

Uqn2,na†1,nU−1 = qn3,na†1,n − e iεqn1,na†2,na3,n

Ua†2,nU−1 = a†1,na
†
3,n + qe iεqn1,n+n3,na†2,n

Uqn2,n+1a†3,nU−1 = qn1,n+1a†3,n+1 − e iεqn3,n+1a1,n+1a
†
2,n+1

Test: choose a state and start up the clock.

|ψ1〉 = a†2,0|0〉 , |ψ0〉 ⊗ |an〉 = a†1,0a
†
3,n|0〉 ,

These states correspond to s0 = 1
2 , all other sn = 0, K = 1. Then

U|ψ1〉 = e iεq|ψ1〉+ |ψ0〉 ⊗ |a0〉 , U2|ψ1〉 = ... ,

and so on ...



q = e−γ , T � 1, γT � 1, εT ∼ some integer multiply of 2π

UT |ψ1〉 = e(iε−γ)T |ψ1〉+ |ψ0〉 ⊗

(
T−1∑
n=0

e(iε−γ)(T−n−1)|an〉

)

I Decay of excited state |ψ1〉 with the energy ε and the width γ

I Spontaneous radiation of the right-moving wave package with the
average energy and momentum ε

I Radiated packages are photons, sites Ln with sn = 1/2 are
two-states atoms, sites Ln with sn = 0 are transparent.

Bethe Ansatz and spectrum of U :

uN
k

∏
n

uk − q2sne iε

q2snuk − e iε
=
∏
k′ 6=k

q−1uk − quk′

quk − q−1uk′
, k, k ′ = 1, ...,K ,

uk = e ipk , Re(pk) ≥ 0 , U = exp

{
i
K∑

k=1

pk

}
.
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q = e−γ , γ � ε� 1, Re(p) > 0

Photonic counterpart of eigenstates, real pk > 0:

|Ψ〉 ∼
∏
k

a†pk
|0〉 , a†p =

∑
e−ipna

†
3,n

Strings of Bethe Ansatz, p1 = p − iγ and p2 = p + iγ, p > 0 :

|Ψ〉 ∼
∑
n,n′

e−ip(n+n′)−γ|n−n′|a†3,na
†
3,n′ |0〉 ∼ a†p

2|0〉

Ground state: K-string condensate pk = p0 + i(K + 1− 2k)γ,

|Ψ0〉 ∼ a†p0

K|0〉 , E0 = Kp0 ∼ 1/N



Optical wave band p ∼ ε

The low energy and is the radio wave band.
Next topis of interest: the optical wave band p ∼ ε.

#(sn = 1/2) = N ′ , #(sn = 0) = N − N ′ .

Choose Im(pk) = 0 near pk ∼ ε, assume dense distribution
%(pk)

−1 = N(pk+1 − pk), then

1−2π%(p) =

∫
S2(p−p′)%(p′)dp′− N ′

N
S1(p−ε) , Sn(p) =

2nγ

p2 + (nγ)2

Solution:

%(p) ' const +
N ′

4γN

1

cosh π(p−ε)
2γ

what is resonance peak over a white noise.

In the full-load regime the laser does work.
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