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Outline

1 General framework of the three-dimensional quantum integrability

2 Particular example: q-oscillator model
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Vertex operators and Tetrahedron equations

3D vertex

RV1,V2,V3 ∈ End(V1 ⊗ V2 ⊗ V3)

Spaces V1,V2, ... may be equipped by
independent spectral parameters

Spaces V1,V2, ... may have different
structure (e.g dimension)

V2

V1

V3

RV1,V2,V3RV1,V4,V5RV2,V4,V6RV3,V5,V6 = RV3,V5,V6RV2,V4,V6RV1,V4,V5RV1,V2,V3

=
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Triangle equations

Chain of 3D vertices

RA,B,X = RA1,B1,XRA2,B2,X · · ·RAn,Bn,X

A = ⊗
i

Ai , B = ⊗
i

Bi

RA,B[X ] = TraceXRA,B,X

A

B

X

Set of the Tetrahedron equations

y∏
i

RAi ,Bi ,XRAi ,Ci ,Y RBi ,Ci ,Z · RX ,Y ,Z = RX ,Y ,Z ·
y∏
i

RBi ,Ci ,ZRAi ,Ci ,Y RAi ,Bi ,X

yields the Yang-Baxter Equation in the tensor powers A⊗ B⊗ C

RA,B[X ]RA,C[Y ]RB,C[Z ] = RB,C[Z ]RA,C[Y ]RA,B[X ]
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Layer-to-Layer transfer matrix

Layer-to-Layer TM: TA[B,C ] = Trace
B,C

y∏
i

y∏
k

RAik ,Bi ,Ck

A = ⊗
i ,k

Aik , B = ⊗
i

Bi , C = ⊗
k

Ck

B1

B2

B3

C1 C2 C3 C4

A11 A21

TA[B,C ] TA[B ′,C ′] = TA[B ′,C ′] TA[B,C ]
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Summary

We have seen: the layer corresponds to a two-dimensional quantum lattice
– higher-dimensional generalization of a quantum chain.

The way back to 2D: Collection of the nodes of square quantum lattice
along one direction is a site of effective chain [compactification]. The
number n of the nodes in the chosen direction is related to the rank of
effective symmetry group [U(ŝln)].

B1

B2

B3

C1 C2 C3 C4

A11 A21
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Spaces in q-oscillator model

Vector spaces V and F :

Two-dimensional vector space V

V [≡ C2] = {|0〉, |1〉} or {| ↑〉, | ↓〉} or {|white〉, |black〉}

and the Fock space F ,

BB† = 1− q2+2N , B†B = 1− q2N

F : Spectrum(N) = 0, 1, 2, . . . ,

Fock space Fj is equipped by a pair of auxiliary parameters λj , µj .
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Vertex operators in the q-oscillator model

L(q) ∈ End(V ⊗ V ⊗F)

In the basis of V ⊗ V = {|0, 0〉, |1, 0〉, |0, 1〉, |1, 1〉}

L(q) =


1 0 0 0
0 λqN νB† 0
0 νB µqN 0
0 0 0 ν2

 , ν2 = −q−1λµ;

λ, µ equip F .

R (q) ∈ End(F1 ⊗F2 ⊗F3)

Expression for the matrix elements 〈n1, n2, n3|R|m1,m2,m3〉 is known.
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Tetrahedrons

L
(q)
α,β;f ∈ End(Vα ⊗ Vβ ⊗Ff ), R

(q)
1,2,3 ∈ End(F1 ⊗F2 ⊗F3).

Three types of tetrahedron equations:

L
(q)
α,β;1 L

(q)
α,γ;2 L

(q)
β,γ;3 R

(q)
1,2,3 = R

(q)
1,2,3 L

(q)
β,γ;3 L

(q)
α,γ;2 L

(q)
α,β;1

R
(q)
1,2,3 R

(q)
1,4,5 R

(q)
2,4,6 R

(q)
3,5,6 = R

(q)
3,5,6 R

(q)
2,4,6 R

(q)
1,4,5 R

(q)
1,2,3

L
(−q)
α,α′;0 L

(−q)
β,β′;0 L

(q)
α,β;f L

(q)
α′,β′;f = L

(q)
α′,β′;f L

(q)
α,β;f L

(−q)
β,β′;0 L

(−q)
α,α′;0
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Lax operators and R-matrices of Uq(ŝln)

Lβ;F (u) = Trace
Vα

(
Dα(u)

y∏
i

L
(q)
α,βi ;Fi

)
, D(u) =

(
1 0
0 −u

)

Invariant subspaces:
Vβ = V⊗n 3 |k1, k2, ..., kn〉, ki = 0, 1. Invariant
subspace corresponds to fixed value of
` = k1 + k2 + · · ·+ kn.
Invariant of F = F⊗n is
J = N1 + N2 + · · ·+ Nn.

F⊗n

V⊗n

Vα

V⊗n =
n

⊕̀
=0

πω`
[antisymmetric tensors of sln]

F⊗n =
∞
⊕
J=0

πJω1 [symmetric tensors of sln]
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Fundamental R-matrices of Uq(ŝln)

V⊗n

V⊗n

F0

Rβ,β′(u/u′) = Trace
F0

(
(u/u′)−N0

y∏
i

L
(−q)
βi ,β

′
i ;F0

)
=

n∑
`,`′=0

λ`
0µ

`′
0 Rω`,ω`′ (u/u′)
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Transfer matrices

T [u, v ] = Trace
Vα,Vβ

(
Dβ(v)Dα(u)

y∏
k

y∏
i

Lαkβi ;Fki

)

Dα =
m∏

k=1

Dαk
(u) , Dβ =

n∏
i=1

Dβi
(v)

Rank-size n ⇔ m duality:

T [u, v ] =
n∑

i=0

m∑
k=0

v i uk Ti ,k ≡
n∑

i=0

v iT sln
ωi

[u] ≡
m∑

k=0

ukT slm
ωk

[v ]
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Spectral equations

Spectral equations in the terms of complete set of transfer-matrices
T sln

ωi
(u):

n∑
i=0

Q(q2iu)v iT sln
ωi

[(−q)iu] = 0

“For some fixed values of v function Q(u) is a polynomial” ⇔ NBAE.

Dual Bethe-Ansatz:

m∑
k=0

T slm
ωk

[(−q)kv ]ukQ̃(q2kv) = 0 .
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2D versus 3D

Beyond 2D: essential 3D way

Quantum lattice may have various shapes [Kagome lattice for
instance]

Quantum lattice may have boundary structure such that
compactification is not possible

Square quantum lattice with the sizes m × n: nested Bethe Ansatz
technique implies m →∞ with finite n [n/m → 0]. Two-dimensional
methods do not describe the regime of non-singular aspect ratio n/m.
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THANK YOU
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Weyl algebra uw = q2wu. I

R123φ(u1,w1, u2,w2, u3,w3)R
−1
123 = φ(u′1,w

′
1, u

′
2,w

′
2, u

′
3,w

′
3)

given by

w ′
1 = w2 Λ3, w ′

2 = Λ−1
3 w1, w ′

3 = Λ−1
2 u−1

1 ,

u′1 = Λ−1
2 w−1

3 , u′2 = Λ−1
1 u3, u′3 = u2 Λ1,

where
Λ1 = u−1

1 u3 + qu−1
1 w1 + κ1w1u

−1
2 ,

Λ2 = κ1
κ2

u−1
2 w−1

3 + κ3
κ2

u−1
1 w−1

2 + q−1 κ1 κ3
κ2

u−1
2 w−1

2 ,

Λ3 = w1w
−1
3 + qu3w

−1
3 + κ3w

−1
2 u3.
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q-oscillator algebra xy = 1− q2k2 , yx = 1− k2

R123φ(x1, y1, x2, y2, x3, y3)R
−1
123 = φ(x ′1, y

′
1, x

′
2, y

′
2, x

′
3, y

′
3)

given by the recursive set of equations:

k ′22 = k2
1k2

2k2
3 −(1+q2)k2

1k2
2 +k2

1 +k2
2 −

1

λ1µ3
k1k3y1x2y3−λ1µ3k1k3x1y2x3

k ′1 = k ′−1
2 k1k2 , k ′3 = k ′−1

2 k2k3 and

x ′1 = λ2
λ3

k ′−1
2

(
k3x1 −

q
λ1µ3

k1x2y3

)
, y ′1 = λ3

λ2
k ′−1
2

(
k3y1 −

λ1µ3
q k1y2x3

)
,

x ′2 =

(
x1x3 + q2

λ1µ3
k1k3x2

)
, y ′2 =

(
y1y3 + λ1µ3k1k3y2

)
,

x3 = µ2
µ1

k ′−1
2

(
k1x3 −

q
λ1µ3

k3y1x2

)
, y3 = µ1

µ2
k ′−1
2

(
k1y3 −

λ1µ3
q k3x1y2

)
.
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Weyl Algebra uw = q2wu. II

Solution of the 4-simplex equation:

R0123φ(u0,w0, u1,w1, u2,w2, u3,w3)R
−1
0123 = φ(u′0,w

′
0, u

′
1,w

′
1, u

′
2,w

′
2, u

′
3,w

′
3)

given by

u′0 = u1w
−1
3 , w ′

0 = (w1 + qu3)w
−1
3 ,

u′1 = u2 + u0w2, w ′
1 = w0w2

u′2 = qu1u3(w1 + qu3)
−1, w ′

2 = w1w3(w1 + qu3)
−1

u′3 = qu−1
0 w0u2, w ′

3 = u−1
0 u2 + w2

R123 = Trace0R0123 satisfies the tetrahedron equation.
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Two-dimensional lattice Bose Gas

ωi = e ikx,i , Ωi = e iky,i , i = 1, 2, . . . , p,

Gik [{ω}] =
q−1ωk − qωi

ωk − ωi
.

Let Ia be a length-a subsequence of (1, 2, . . . , p), Ip−a be the compliment
subsequence such that Ia ∪ Ip−a = (1, 2, . . . , p).

Sa[{ω}] =
∑
Ia

∏
i∈Ia

ωi

Pa[{ω, ωM}] =
∑
Ia

∏
i∈Ia

ωM
i

∏
k∈Ip−a

Gk,i [{ω}]

 ,

Sa[{Ω}] = Pa[{ω, ωM}], Sa[{ω}) = Pa[{Ω,ΩN}]
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