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@ General framework of the three-dimensional quantum integrability

© Particular example: g-oscillator model
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Vertex operators and Tetrahedron equations

3D vertex

-} RV1,V2,V3 € End(V1 RV ® Vg) Vi
@ Spaces Vi, V5, ... may be equipped by
independent spectral parameters Vs

@ Spaces Vi, Vs, ... may have different Vs
structure (e.g dimension)

Rvi, v, vs Rvi v vs Ry v Ve Rvs v Ve = Rvs v, v Rvs vy, Ve Rva v, vs R, v, v

A
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Triangle equations

: : A

Chain of 3D vertices A
A

Rag.x = Ra,.8,xRa;.8,x - - - Ra, B,.x A

A = ®Ai, B = ®Bi
Rag[X] = TracexRag x

Set of the Tetrahedron equations

(&% m

[1Ra.8.xRa.c.vRs,.c.z - Rx,v.z = Rx,v.z - | | Re..c.zRaic..v Ray.B.x

1 1

yields the Yang-Baxter Equation in the tensor powers A®@ B ® C

Rag[X]RaclY]Rs c[Z] = Rec[Z]Rac[Y]Ras[X] JA
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Layer-to-Layer transfer matrix

e
Layer-to-Layer TM: Ta[B, C|] = Téz’ige H 1;[ Ra,.B;.C,

A=QR®Ax, B=Q®B, C=QCG
i ; K

A1l Aol

| A A A Y
A A A YAl
AT
o] o] ] o] ’

Ta[B, C] TalB', C'] = Ta[B',C'] Ta[B, C] )
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We have seen: the layer corresponds to a two-dimensional quantum lattice
— higher-dimensional generalization of a quantum chain.

The way back to 2D: Collection of the nodes of square quantum lattice
along one direction is a site of effective chain [compactification]. The
number n of the nodes in the chosen direction is related to the rank of
effective symmetry group [U(sl,)].

A1 Aol
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Spaces in g-oscillator model

Vector spaces V and F:

@ Two-dimensional vector space V
V=€ = {|0),[)} or {|T),] )} or {|white), |black)}
@ and the Fock space F,
BBf =1-¢*™N  BB=1-¢™

F : Spectrum(N) =0,1,2,...,

Fock space F; is equipped by a pair of auxiliary parameters \;, p;.
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Vertex operators in the g-oscillator model

L) € End(V ® V ® F)

In the basis of V ® V = {|0,0),|1,0),(0,1),|1,1)}
1 ON 0 0
L@ = 8 AV% :33 8 , V=g
0 O 0 v
A, i equip F.

R € End(F; ® F», ® F3)

Expression for the matrix elements (ny, no, n3|R|m1, my, m3) is known.
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Tetrahedrons

L(OZ)B;f € End( VOé & V,B & ]:f), R](_?2)’3 S End(]:]_ X fz X f3)
Three types of tetrahedron equations:

Lr(l%:l Lt(j)vﬂ Lg?')yﬁ R£q2),3 = sz)ﬁ ngﬁ ngﬂ LEZZ?;I

R@ Rl pla) pla)  _ pla) pla) pla)  pla)

1,23 M145 M2a6 356 = N356 M246 M145 N123
(=) ;(=9) ;(q) (a) _ (9 (a) (=q9) ;(=q)
Laaro Lo o Lair Larpir = Largir Lagir Lpgio Laario
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Lax operators and R-matrices of Z/lq(sA/,,)

Lar(u) = Trace< HL( BiiF ) D(u) = ( (1) —Ou ) J

Invariant subspaces: F&n

Vg = VO 3 |k, ko, ..., kn), ki = 0, 1. Invariant o
subspace corresponds to fixed value of 0

U=k +k+ -+ kn. ven
Invariant of F = F©®" is v

J = N1 +Nz+---+Nj.

ven ZEB Tw, |antisymmetric tensors of s/,

o
FO" = @ 7y, [symmetric tensors of sl,]
J=0
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Fundamental R-matrices of L{q(;\ln)

ven

Rg g (u/u) = T%ce ((u/u’)NO H L(ﬁ g? _7_-0> Z )\ouo wewy (U/ 1)

i L=
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Transfer matrices

1

Tlu,v] = g?&g (Dﬁ(v)Da(u) 1:[ H Lakﬁi;fki) J

Do = HDOék(u) ) Dﬁanﬁi(V)
k=1 =

Rank-size n < m duality:

Tlu, v] —ZZ viu T:k—ZV TS/"[u] —Zu lekm[v] J

i=0 k=0
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Spectral equations

Spectral equations in the terms of complete set of transfer-matrices
Tjﬁ"(u):

> QT (—q) u] =0

i=0

“For some fixed values of v function Q(u) is a polynomial” < NBAE.

Dual Bethe-Ansatz:

3 T [(~q)kv]uF Q) = 0.

k=0

Serge Sergeev (ANU) Tetrahedron Equations and Integrability July 10th - July 14th, 2006 13 /20



2D versus 3D

Beyond 2D: essential 3D way

@ Quantum lattice may have various shapes [Kagome lattice for
instance]

@ Quantum lattice may have boundary structure such that
compactification is not possible

@ Square quantum lattice with the sizes m x n: nested Bethe Ansatz
technique implies m — oo with finite n [n/m — 0]. Two-dimensional
methods do not describe the regime of non-singular aspect ratio n/m.

14 / 20
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Weyl algebra uw = g?wu. |

-1
R123¢(U1a wy, Uz, W2, U3, W3)R123 = d)(uiv W{v uéa Wéa Ué, W:;)

given by
/I /1 pA—1 / _ pA—1 -1
W1—WA3,1 W2—/\31 wy, wy =N U,
/ !/ - /!
up =N\, s Uy =N Uz, uz3=up g,
where

-1 -1 -1
A = u; u31+ qlu1 W1 +1%1 V\;l u, -, L
Ay = ﬁu2 wy o+ 23 u1 Wy +q_17%§{;3 uy “wy o,
-1 -1
N3 = wyws ™ + qug W3 Ly H3Wy " U3.
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g-oscillator algebra xy = 1 — ¢%k*, yx=1—k?

-1
R123¢(X1,)/1,X2,Y2a X3ay3)R123 = gb(X{vy{v Xéayévxé)yé)

given by the recursive set of equations:
1

K2 = kZk3k3 — (14 q°) kP k3 + k3 + k3 —
A1443

kiksy1Xpy3 — A1z kikaxy yox3
ki = ky Ykiky , ki = kb tkoks and
_ - A
x| = i—iké 1 (l<3x1 — )\:lqulxz)’3>v v = %kﬁ 1 <k3y1 - 1q“3k1y2x3),
2
Xy = <X1X3 + %mkl k3X2)a Y2 = <Y1Y3 + )‘1M3k1k3)/2>7

_ 2 gpr—1 q _ g1 A1p3
X3 = iky <k1X3 b k3Y1X2)» Y3 =k <k1y3 — S kaxyy,
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Weyl Algebra uw = q?wu. |l

Solution of the 4-simplex equation:

—1 ! / ! ! / / ! !
Ro123¢(ug, wo, Uy, wi, to, wo, uz, wa) Ry = @(ug, Wy, Uy, wy, Uy, Wy, U3, W3)

given by
! -1 / _( + ) -1
Ug = uywy wy = (wy + qug)wy
/! /
Uy = Uy + UgWy, . W = WyW, .
/ — / —
uy = quiuz(wi +qus) ™, wy = wiwz(wr + qus)
! -1 / -1
Uz = quy Wy, w3 = Uy Uy + W

Ri123 = TracegRo123 satisfies the tetrahedron equation.
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Two-dimensional lattice Bose Gas

wi=ei, Q=e"i i=12,..p,
-1
Wk — qwj
Gulfw)] = L2

Wk — Wi
Let /, be a length-a subsequence of (1,2, .

..»P), lp—5 be the compliment
subsequence such that [, U l,_, = (1,2,.

.y P).
Sl = 3 [Tw
I i€l
Pol{w, ] = > [ TTwM ] Griliwdl] .
I \iel,  kElp,

Sal{)] = Pal{w.0™}], Sil{w}) = Pa[{2, Q"]
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