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Weights

Let Z be a partition function of completely ingomogeneous ice-type model
on a rectangular periodical lattice N ×M with the following weights of j th

vertex:
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-

νxj

6
-

νyj

Numbers λ, µ [ν2 ≡ −q−1λµ] are the same for all vertices.

H : xy = 1− q2k2 , yx = 1− k2 , xk = qkx , ky = qyk .

Vertex index j stands for a component of tensor power kj , xj , yj ∈ H⊗NM .
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Main result

Partition function is a polynomial of λ, µ with operator-valued coefficients

Z(λ, µ) =

M,N∑
n,m=0

λMnµNmzn,m , zn,m ∈ H⊗NM

Theorem

Z(λ, µ)Z(λ′, µ′) = Z(λ′, µ′)Z(λ, µ)
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Matrix L

Lα,β(H;λ, µ) =


1 0 0 0
0 λk νy 0
0 νx µk 0
0 0 0 ν2

 , ν2 = −q−1λµ

Lα,β acts in Vα ⊗ Vβ ⊗ F , V = C2 and F is e.g. the Fock space k = qn.

Lα,β =
x∏
n

x∏
m

Lαn,βm(Hn,m;λ, µ) , Z = Trace
Vα,Vβ

(Lα,β)

x∏
n

fn = fN fN−1 . . . f1, Vα =
N
⊗

n=1
Vαn etc.
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Tetrahedron equation

Mα,α′

(
H0;

µ
µ′

)
Mβ,β′

(
H0;

λ′

λ

)
Lα,β(H;λ, µ)Lα′,β′(H;λ′, µ′) =

Lα′,β′(H;λ′, µ′)Lα,α′(H;λ, µ)Mβ,β′

(
H0;

λ′

λ

)
Mα,α′

(
H0;

µ
µ′

)
where

M(H0; ξ) =


ξn0 0 0 0

0 λ0(−qξ)n0 ν0ξ
−1/2+n0y0 0

0 ν0ξ
1/2+n0x0 µ0(−qξ)n0 0

0 0 0 ν2
0ξn0


k0 = qn0 , ν2

0 ≡ q−1λ0µ0.
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Lax operators and R matrices

L(n)
β (λ, µ) = Trace

Vα

x∏
m

Lαn,βm(Hn,m;λ, µ) : V⊗M ⊗ F⊗M

V⊗M =
M
⊕

m=0
Vπm ⇒ Lβ(λ, µ) =

M
⊕

m=0
µm Lπm(λ)

πm – m th fundamental representation of Uq(ŝlM), π0 and πM – scalars. In

quantum space qnn,1+nn,2+···nn,M = qJn is the center, F⊗M =
∞
⊕

J=0
VJπ1 .

Rβ,β′

(
λ

λ′

)
= Trace

F0

x∏
m

Mβm,β′m

(
H0;

λ′

λ

)
=

M∑
m,m′=0

λm
0 µm′

0 Rπm ,πm′

(
λ

λ′

)
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Lax operator for M = 2

L(λ, µ) =

 1 + λ2qJ

ν2L1/2(λ)
µ2(qJ + q−2λ2)


where qJ = qn1+n2 is the center and

L1/2(λ) =

(
λqn2 − λ−1qn1+1 x1y2

y1x2 λqn1 − λ−1qn2+1

)
In the limit q → 1: x → a, y → a+ and

J = a+
1 a1 + a+

2 a2 , H = a+
1 a1 − a+

2 a2 , E = a+
1 a2 , F = a+

2 a1
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Six vertex model

M = 2, N – length of Uq(ŝl2) chain.
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nn−1,1

nn−1,2

nn,1

nn,2

nn+1,1

Integrals of motion: Jn = nn,1 + nn,2, K1 =
∑
n

nn,1, K2 =
∑
n

nn,2.

Six vertex model: Jn = 1 for all n (spin 1/2)
⇒ K1=“number of spins up”, K2=“number of spins down”.
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THANK YOU
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Universal form of nested Bethe Ansatz

Decomposition of Z:

Z(λ, µ) =

M,N∑
n,m=0

λMnµNmzn,m , zn,m ∈ H⊗NM

Let uv = q2vu – additional auxiliary Weyl algebra and let

J(u, v) =
∑
n,m

(−q)−nmunvmzn,m

Universal NBA equation:
〈Q|J(u, v) = 0

E.g. Q(u) = 〈Q|u〉 etc.
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Baxter’s equation for Uq(ŝl2)

J(u, v) =
∑
n,m

(−q)−nmunvmzn,m : 〈Q|J(u, v) = 0

For M = 2 J(u, v) = φ(q2u)− t(u)v + φ′(q−2u)v2

〈Q|u〉 = Q(u), 〈Q|u|u〉 = uQ(u), 〈Q|v|u〉 = vQ(q2u)

〈Q|J(u, v)|q−2u〉 ≡ φ(u)Q(q−2u)− t(u)Q(u)v + φ′(u)Q(q2u)v2 = 0

Fix v by condition Q(0) = 1, then Q(u) is a polynomial.
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