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Uq=−1(ĝlM) chain of the length N .
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Vq is the minimal cyclic representation of Uq(ĝlM) with ZM symmetry
(only one parameter or representation survives). Dim(Vq) = 2M

Vm is the m th fundamental representation of Uq(ĝlM)

N is the length of the chain

Transfer matrix tm(y), m = 0, 1, . . . ,M.

tm(y) =
N∑

n=0

yntm,n
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Rank-size N ↔ M duality.

The complimentary summation
M∑

m=0

xmtm,n = t ′n(x) gives the transfer

matrices for the homogeneous Uq(ĝlN) chain of the length M

Quantum transfer matrix of the generalized chiral Potts model is the
layer-to-layer transfer matrix of 3d Zamolodchikov model

Operators tm,n = t†m,n have a combinatorial representation in the
terms of interacting spins (Pauli matrices) situated in the vertices of
N ×M square lattice

{tm,n} , 0 ≤ m ≤ M , 0 ≤ n ≤ N , N,M →∞
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Spectral equation

Bi-spectral transfer matrices

tα,β(x , y) =
∑

x2m+αy2n+βt2m+α,2n+β , α, β = 0, 1

obey the spectral equation

t0,0(x , y)2 − t1,0(x , y)2 − t0,1(x , y)2 − t1,1(x , y)2 = F (x2, y2) .

F (x2, y2) =
N−1∏
n=0

M−1∏
m=0

(1− λe2πi n
N − µe2πi m

M − κ2λµe2πi( n
N

+ m
M

))

Here λN = x2, µM = y2, and κ is the single parameter of ZM , ZN -
homogeneous cyclic representation.

x2, y2-decomposition 7→ Abelian algebra for tm,n.
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Comment on the spectral equation

Let M = 2 (Ising model). Baxter’s equation

t(y)Q(y) = φ(y)Q(qy) + φ′(y)Q(q−1y) , q2 = 1

is equivalent to

det

∣∣∣∣ t(y) φ(y) + φ′(y)
φ(−y) + φ′(−y) t(−y)

∣∣∣∣ = 0 .

Then, introducing the second spectral parameter x , we come to the
spectral equation in our form:

det

∣∣∣∣ t(y) xφ(y) + x−1φ′(y)
xφ(−y) + x−1φ′(−y) t(−y)

∣∣∣∣ =

(1− x2)φ(y)φ(−y) + (1− x−2)φ′(y)φ′(−y) ≡ x−2F (x2, y2) .
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Structure of the spectrum
Notations

We analyze the eigenvalues of {tm,n} when N,M →∞, ζ = N/M is
nonsingular.

Notations: let

Π = {(m, n)} : 0 ≤ m ≤ M, 0 ≤ n ≤ N ,

c = cot(a/2) =

√
1 + κ2

3− κ2
,

Ω(p, q) =
π

2

(
ζ
1 + c2

2c
p2 +

1− c2

c
pq + ζ−1 1 + c2

2c
q2

)
.

The biggest tm,n always belong to the “middle” of Π:

P0 = [M(1− a/π)] , Q0 = [N(1− a/π)] .
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Structure of the spectrum
Results

Elements tm,n far from the boundary of Π always have the form

tP0 + p︸ ︷︷ ︸
m

,Q0 + q︸ ︷︷ ︸
n

= f0 eNMg0e−Ω(p,q)/2 cp,q · (1 + O(1/NM))

cp,q for the excited states may be found from the asymptotical
spectral equation∑
m,n

(−)m+n+mne−Ω(m,n)cp−m,q−ncp+m,q+n = 1 ∀ p, q ∈ Z .

For the ground state
cp,q = c0

√
NM
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THANK YOU
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