Spectrum of a lattice spin system

S. Sergeev

Department of Theoretical Physics
Research School of Physical Sciences and Engineering
Australian National University

Mathematical Physics Group Seminar, may 2005

S. Sergeev (Theoretical Physics) Spin lattice system Math. Phys. 2005



© Zamolodchikov model

© Spin Lattice System

© Spectral Equation

e Limiting Spectral equation
© Analysis

@ Conclusion

S. Sergeev (Theoretical Physics) Spin lattice system Math. Phys. 2005 2 /29



Zamolodchikov model.

@ Integrability of Zamolodchikov model is based on the existence of
commutative set of transfer matrices

[T(61.02,03), T(61,05,05)] = 0

@ T is the layer-to-layer transfer matrix, if the layer of the system has
the size N x M then T is 2"M x 2NM matrix.

o Commutativity of transfer matrices means that there exists a
decomposition

T(61,02,63) = > tmn(601)Xmn(61,62,63)

m,n

with numerical coefficients xm, , and commutative moduli t;, (61).
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Graphical view of layer-to-layer matrix

lyrical digression

S. Sergeev (Theoretical Physics) Spin lattice system Math. Phys. 2005 4/



Disadvantage of Zamolodchikov model

@ Boltzmann weights are not positively defined (moreover, they are
complex).

@ There was no method for the investigation of the whole spectrum of
T.

@ Nested Bethe ansatz approach for N — co and M < oo is not
3D-invariant since M/N — 0.

Issue is the analysis of the structure of t;, (1) — the spin lattice system.
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Spin Lattice system.
S. Sergeev, JPA 32 (1999) 5693-5714, TMP 124 (2000) 391-409, JMS 115 (2003)

2049-2057, TMP 138 (2004) 310-321, TMP 138 (2004) 226-237, PN 35 (2004)
1051-1111.

Combinatorial formulation: Consider a system of paths on N x M lattice
with the rules of bypassing a vertex:

n n n

X _ Y _ z
Yn,m = O0nm  Ynm = O0nm  Ynm = KOp m

“ . " X y z 1 1
The “weights” o7, ., onm and op, ,, are the local Pauli matrices.
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Example of a path

lyrical digression

Periodical boundary conditions are implied, any path is characterized by
the winding numbers.
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Commutative operators

Any path P has a homotopy class ¢(P) = mA+ nB

For fixed winding numbers n and m let

Imn(K) = Z HVV

P :c(P)=mA+nB P
o self-adjoint operators J,, , obey the following exchange relations:
Jm,nJm’,n’ = (_)nm’+n’m Jm’,n’Jm,n-

@ Jnn(k) = i" (6%)" (6¥)" tmn(K) , [tm7,,,tm/7,,/] =0.
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Relation to T

lyrical digression

Both Jm » and tp, , are the “integrals of motion” of the Zamolodchikov
model:

[JmVn(FJ), T(01,02,93)] = [thn(li) , T(01,02,(93)] =0

01
K = tan —
2
We prefer the title moduli for t, , since in the classical limit they become

the moduli of the spectral curve.
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Finite size spectral equation

M N n+m+nm_m.,n
J(X7.y) = Zm:O Zn:O(_) Hmnmy y Jm,n

= too(x,y) — o*tio(x,y) — 0 to1(x,y) — o?t11(x,y)

Generating function obeys

too(x,y)? — tio(x,y)? — to1(x,¥)? — tii(x,¥)? = F(x*y?),

where
N—-1M-1 . .
X Y) H H (1 )\627”"//\/ 27r/m/M - H2)\Me27rl(n/N+m/M))
n=0 m=0

A =X, M=y,
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The leading term

L2
ltag(x, V)P ~ [F(x2y2)| ~ eMMalmin®) 32 = Z\N -2 = M

1 2 i i i /
g(\ p; 52) = W//o dpd¢ log |1 — Ae'? — pel? — k2 pue@t9)]

sin rp sinrs 5 sinrgsin
P L B L LU
1 sinr sin rsin r3
3.,
a(\, k%) = —log2sin rl—i—Z(;J Iog25inrj+¢(rj)> ,
j=0
o0 .
sin(2mx)
o(x) = 3 2RI
(x) mzzl 2mm?
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Abelian Algebra of t,, ,

The leading term is too rough approximation: it is the same for all
eigenvalues.
F(X,Y) is a polynomial,

M N

FX,Y) = > ) XY9Fpq,

P=0 Q=0
the spectral equations are just a set of bilinear relations:

Z(—)m+n+mn+m0+nptm,ntZP—m,2Q—n = FP,Q .

m,n

These equations are just the Abelian algebra for t,, .
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Abelian algebra

continued

o Finite N, M:
o Excluding the variables t., ,, one comes finally to 2"M-power
polynomial for a single variable
e this means that the Abelian algebra is completely equivalent to the
original spin-lattice problem
o At N = M =6 it is possible to solve all equations, although
236 — 68719476736, but higher N, M are hopeless
@ To solve these equations for finite M with N — oo

e loss of generality, singular aspect ratio
@ The final idea is to cut the €¥M8 term and derive limiting N, M — oo
equations for “fine structure” of tp, ,.
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Asymptotic of Fp g

Definitions

Define
N 2 \/3—k2°
Let ) ) )
T 1+c 1-c¢ 11+4+c
Q(p,q) = 2<C e U S q2> :

where ( = N/M — the aspect ratio. Let Py, Qo be the even numbers such

that
/v/-(l—;) — Po—u, /\/-(1—2) - Q- w

(Po and Qq are the "middle” of the domain of Fp g) The fractional parts
obey —1 < ug,up < 1.
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Asymptotic of Fp g

Result

Coefficients Fp o have the following asymptotics:

1
Frp ayrq = CMMEC) - (<)preioto-oriate) (14 o( )

where

g(r?) = o(1L,1;+%) = (1— ;i) log 2 + 3 (E> — ¢ (3a> .
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Asymptotic equation for t,, ,

Define next "
NM 2
tPo+m,Qo+n = \/% ez &(x) Tm,n »

where the leading m, n-independent term is taken into account, and

moreover

_1
Tmn = Cm,n € 2m-tus,ntuz)

Then the equation for ¢y, is
- m+n+mne—Q(n,m) — 1V 7
(-) Cp—m,q—nCp+m,q+n = p,q € 4.
m,n

This equation contains no N and M, this is THE EQUATION for
investigation.
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The renormalized equation

Z(_)m+n+mne_ﬁg(n’m)Cp—m,q—ncp+m,q+n =1VpqeZ,

m,n

with 3 > 1 may be solved in the terms of perturbation theory in
Q = e PAL0) 3pd Q = e PU0L): in zero order

C,g,q =1+0(l) = cpg = €pq(l+0(1)),

where ¢, 4 are the signs, in the few first orders
g = Epg (14 (€pr1.gp-1.9 + €pg-16pgt1)QQ + () Q*Q% + ...

A4 4
+ep-1,g+16p+1,g-1Q" + Ep-1,g-16p+1,g+1 Q7 +...) .
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Analysis

continued

The seria for ¢y, , are convergent for 3 > 1

If 83— 1andallepq=(+),

-1/2
1
c = @ = § :_ m+n+nme—ﬁQ(m,n) ~

m,n

Finite size corrections (more detailed estimation of Fp g) give

ﬁ +NM=> (o)) V

The seria for ¢y, n with non-constant €, ¢ are convergent for 3 = 1
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Candidates for a Hamiltonian

qualitative results

_ Q(p+u1,q9+u2)
Tpg = Cpqe

The first candidate for a Hamiltonian is

H
= - ZT,E,C, — finite density h = — v

The sea of €, g = (+) with the impurities

Epran = Epoap = 1 = Eppgn = ()

is the n-particle state of the model.
pP1 q1

For one particle, one has gap-less excitations for R 1.
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Candidates for a Hamiltonian

alternative variants

Alternative variant:
!/ 2
H = + ZTp,q
p,q

Then [ep,q = stocastic] may be considered as the ground state,
The islands of the definitely positive signs ¢, 4 are the bound states.

Alternative variant for the dispersion relation:

E 2 D2
POC,,B = T2P+Oé,2q+ﬁ ’ PO = P
P.q

L

parameter for the dispersion relation is a point on the sphere i = b
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Conclusion

The main results

The main results:

@ Ground state distribution
1
Tpq = o€ 2APTuLate) o oy

e Equation for ¢, 4 for excited states

Z(_)m+n+mne_ﬂ(n7m)CP*m7q*”CP+m7q+n =1V p,q € Z ;
m,n
Its solution is defined by the distribution of sings of ¢, 4

@ Mathematical problem for the further investigation — how to solve
equation for ¢, 4.
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THANK YOU
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Notations: 6;—dihedral angles, a;—sides, G;—linear excesses:

cosa; =

cos f); + cos 0 cos 6

sin HJ' sin 0k
ai + ax + as
2
0 0
tot1trt3 toty
tot1 tot1trt3
0 0
—itotr tots
0 0
0 0
tots —itots
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, cosb;
y Bi=m—fo—

—trt3 0

0 itots

0 tots
1 0

0 tot1trt3

titr 0
—iti1t3 0

0 —tot1

Spin lattice system

COS a; — COS aj COS ay

aj,

it1t3
0
0
titr
0
1
tts
0

sin a; sin ay
G _

tan E =1t .
titr 0

0 tot3

0 itots
it1t3 0

0 —tot1
tats 0

1 0

0 tot1tot3

Math. Phys. 2005
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Derivation of the asymptotic of Fp g

Evidently, dx dY F(X,Y)
Fpq = j[f{ XPYQ '
Let
P Qnm
X = o YT N
Then
F(Xa Y) L K2 S =

has the extremum at

n+r =qap, Nt = qq.
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Derivation of the asymptotic of Fp g

continued

Extremal value is

3
.2y _ h 2 )
glap, aq; k) = - log K —i—Z(D(rJ)
Jj=0
The variation
1+ c? 1—c?
2\ 2y 2 2y _
glap, aqi k%) = go(k?) o (dag + dag) e dapdag ,
where - -
dap = M(p—i—ul), dog = N(CH—UZ)'
gives

— +q+ NMgo(12)—Q(p+u1,g+
Fpotp,Qu+q = (=)PTITPT L fy - € o (%) —S2p+un,q ”2)7
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Explanation of the finite size spectral equation
In the terms of Bethe ansatz

t(x)Q(x) = p(x)Q(gx) + ¢'(x)Q(g7 %), ¢°=1.

t(x) ¢(x) + ¢/ (x)

g +o(—x) (x| T
t(x) Yo +y 1) |
9] p(—x) +y1e(~x) H(—x)

(1= y*)o(x)d(=x) + (1 = y )¢/ ()¢ (—x) = F(x*,y?) .

Math. Phys. 2005 29 /29



	Zamolodchikov model
	Spin Lattice System
	Spectral Equation
	Limiting Spectral equation
	Analysis
	Conclusion
	Appendix
	Bibliography
	Exact form of R-matrix
	Derivation of asymptotic of coefficients.
	Comment for the spectral equation


