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The Yang-Baxter Equation

Ri2R13R23 = Ro3Ri3Rip

The tetrahedron Equation,

R123R1,45R246R356 = R3s6R246R145R123

The 4-simplex equation

Ro,1,2,3R0,456R1,478R>579R3680 = reverse

Etc.
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TE is two ways to intertwine
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Let v = f(v1,v2,v3), j = 1,2,3, be the solution of

Lap(vi)Lany(v2)Lsq(vs) = Lgo(va)Las(va)Las(v)
Define the functional operator R: V ¢ = ¢(vq, va, v3) let
(R12300) (v1,v2,v3) = d(vi,v3,v3)
Local YBE takes the form
Lap(v1) Lay(v2)lpy(vs) = Ripso Lgy(vs)lap(va)la,s(vi)
Then R obeys the Functional TE
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Quantization Scheme

Suppose

@ Vertex variable v is a list of scalar variables v = (x, y, ...).

@ Vertex variables v; have a Poisson structure conserved by the
mapping ‘R

@ Poisson algebra may be quantized: v; becomes an algebra of
observables v;

@ Mapping R may be re-calculated as an automorphism of the algebra
of observables.

Then for any irreducible representation of the algebra of observables the
automorphism must be the internal one:

-1
9%1,2,3 op = R1,2,3 P R1,2,3
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New Example

L(v,s) € End(C? x C?),
vertex dynamical variable v = (x,y),
vertex parameters s = (\, i)

1 0 0 0
N |0 Xk oy 0
L(V,S) = 0 —)\,sz ,Uzk 0 )
0 0 0 -\

where k? =1 — xy.
La,s(viis1)Llay(vai s2)Lpy(v3is3) =
L~ (v5:53) Lo (vai 2)La,p( v 51)

Poisson structure:

x5,y =1—=xy;

any other bracket is zero.
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Poisson algebra {x,y} =1 — xy is g — 1 limit of g-oscillator algebra for
X,y:
xy:1—q2k2, yx:l—kz,

xk = gkx, ky = gyk.

Quantum L is given by

1 0 0 0

o X y 0

Lois)=1 o _g-laux ik 0
0 0 0 —qg i

where v = (x,y,k) and s = (A, p).
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Explicit form of the quantum mapping

The quantum mapping %3 — p®3:
A
koyi = X2 <k3y1 1‘;‘3k1y2x3>, koxy = bW <k3x1 - Alqulxzﬁ)»
2
Y2 = ¥1¥3 + Arpuzkikays, Xy = X;X3 + 3ok ksx,,

A
koys = % <k1y3 - 10,“3k3x1y2>, kox = £2 <k1X3 Aﬂw k3y1x2>.

v, — v/ x’
XY — Y% K/

. 22 __
with kj =1

/2 = ki ks, k/zkg = k2k3
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Fock space representation

In the basis x|0) = 0, y|n) = (1 — ¢?"*2)|n+ 1), k|n) = q"|n),
(m‘n> = 5m,n,

M\ A\ ™ (p\™
<m1,m2,m3|R|n1,n2,”3>=<)\2> <— > () i s

q M2
with
ny,m,n3
my,mz2,m3 —
(ng —my)(n3—my)
q 2m 2m: 2m
5m1+m2,n1+n26m2+m3,n2+n3 (q2;q2)"2 n2(q 1’ q 2, q 3)

Polynomial P defined recursively,

Pu(x,y,z) =
(1-x)(1—-2)Pp-1 (%,y, %) —q*2"xz(1 — y)Pp_1 (X, %, z)

with Po(x,y,z) = 1.
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Back to 2D — general concept

Any solution of TE produces a series of solutions of YBE (n layers).

m) m
/ / /
n mj
my m
1 /
n
n ms
n
R"17”2:”3 le1:"2’”3 _R("zzné):("azné)
z : my,My;M3 "% ny mly,m} (my,m}),(my,m})

ny,ma
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Back to 2D — two layers

(n27né)’(n3’né)

Delta-functions in R(mZ,mé),(m3,m§)

are

/ / / /
Ng+ny,=my+m, and n3+ n3=mz+mj

J2 J3
/ nz,n3
(m=m)(nsds=ns)  _ pais ( plods) [ is—io 2373
R(m2,j27m2),(m31j3*m3) = atp” <R - (qB 2)\2/\/
m2,ms3
0<m,m<jo, 0<n3m<j3
RU2:3) - 122 X J3 representation of Uq(slz) Eg jo=1and j3=21¢:

m Z+1 20—2m 17 1 mz_ 2m
(Z) (1-2) 1qq 2z) )’ RLI,:(Z) (1 z)((l q?z)’

1,m . 1—@(17 2m+2))z 0,m+1 . (17 2[—2m)
Romi1(2) = "an=am » Fim (2= a5y
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Back to 2D — interpretation of 3D model

Partition function for Ry >3 in two layers is

Z= % Zynfian
all jn,jj,>0
A A A A
i >
J5 >
# -
i -

Nl J2 J3 Ja

Bazhanov & Sergeev (RSPhysSE) Tetrahedron equation Coolangatta 2004 13 /17



Bazhanov & Sergeev (RSPhysSE) Tetrahedron equation



Summary

e “Partition function” of quantum L, g produces the complete set of
commutative polynomials of g-oscillator generators.
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e “Partition function” of quantum L, g produces the complete set of
commutative polynomials of g-oscillator generators.

@ n > 2 layers of bosonic Ry >3 give Z/Iq(sA/n) R-matrices for all
symmetric tensor representations.

e Cyclic representation of the g-oscillator algebra with g>~odd root of
unity: dihedral angles parameterization for simple TE, algebraic
geometry parameterization for modified TE.

@ 2-layers of cyclic Ry 3 is equivalent to the Chiral Potts Model, n > 2
layers give the other Generalized Chiral Potts Models.
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THANK YOU
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Zero curvature representation graphically

V3 Vo

/ / /
Vi, V2, V3 = Vv, V), V3
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Mapping in the “old” model

The “old” model: the algebra of observables is the Weyl one,
u;w; = gw;u;. The automorphism is

/o / _ a—1 ! —1
Wi = Wol\s, wy =AgTwy, wg = /\2 1
/ _ aA—1.,.-1 /a1 !
u; = A wg o, uy = A ug, uy = u/A
where

1
AN =uy lu, — /2 uy twy - ywyuy

K1 1w “1yo1 _1/2K1K3 1 _1
A= —uytws + 7“1 wyt =g Ay,
K2 K2 K2
As = 1/2 !
3= w1w3 — g/ ugwsy Ty K3W5 “U3
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