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Abstract—An invariant approach to quantum integrable models in wholly discrete 2 + 1-dimensional space—
timeisconsidered. An auxiliary linear problem on two-dimensional | attices generalizing quantum chainsisfor-
mulated. A method of constructing a complete set of integrals of motion is given. For the two-dimensional |at-
tices, we formulate and solve a zero-curvature representation allowing us to construct integrable evolutionary
mappings. We place specia emphasis on finite-dimensional representations of the algebra of observables,
which exist if the Weyl algebra parameter is at arational point of a unit circle (so-called “root of unity”). For
thiscase, we derive auniversal functional eigenval ue equation for integrals of motion. A groupoid of isospectral
deformations is constructed for the finite-dimensional representations of the algebra of observables. Because
the systems under consideration are finite-dimensional at theroot of unity, theintegrable systems can be treated
asmodels of statistical mechanics on three-dimensional lattices. We formulate a method of constructing eigen-
states of the models under consideration; the method is based on isospectral deformations (the method of quan-
tum separation of variablesfor 2 + 1-dimensional models).
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1. INTRODUCTION

This paper is an attempt to systematize a series of
new methods and results [1-9] concerning the con-
struction and study of quantum evolution models,
whose observables are defined on a two-dimensional
lattice. Two-dimensional lattices are a discrete ana-
logue of spacelike surfaces, while iterations of elemen-
tary evolutionary mappings of observables are treated
as discrete time. According to the conventional termi-
nology, such a construction belongs to models in a
wholly discrete 2 + 1-dimensiona space-time. The
modelsto be formulated and studied in this paper allow
al+ 1-dimensiona space-time with fairly high inter-
nal symmetry (*isotopic symmetry”) to be described in
terms of quantum integrable models. It is worth noting
that the space-time structure of 1 + 1 modelsis a one-
dimensional, chainin contrast to atwo-dimensional |at-
tice of 2 + 1-dimensional models. The presence of the
two formulations is related to an effect known as the
“transmutation of the rank of the isotopic symmetry
group into the dimension.” Discrete 1 + 1-dimensional
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guantum models are studied by means of the quantum
inverse-scattering method, a new branch of present-day
mathematical physics. From the mathematical point of
view, the method is a theory of quantum groups and
their representations. Surprisingly, the 2 + 1-dimen-
sional method of constructing and analyzing the inte-
grable models to be described in this paper does not
employ the technique of the quantum inverse-scattering
problem method. From the point of view of the trans-
mutation noted above, thisis dueto thefact that the 2 +
1-dimensional method is loca on a two-dimensiona
lattice, while avertex of the corresponding chain repre-
sentsastrip on thetwo-dimensional lattice, i.e., the ver-
tices are nonlocal objects. Because we will not employ
the technique of the quantum inverse-scattering
method, the integrability will be treated without the use
of R matrices, monodromy matrices, etc.

As is well known, 1 + 1-dimensional integrable
guantum models are often related to statistical mechan-
ica models that are exactly solvable on two-dimen-
sional lattices. Similarly, the analysis of statistical mod-
els exactly solvable on three-dimensional lattices (e.g.,
on a cubic lattice) is one of the applications of 2 + 1-
dimensional quantum models. In order to distinguish
guantum evolutionary models and models of statistical
mechanics, we will refer to the spacelike lattice of 2 +
1-dimensional models as an auxiliary lattice.

1.1. Notations and Definitions

Inthisreview, we use terminology for discrete quan-
tum models that might not be widely used. Hence, it
seems useful to define some notionsin terms of the con-
ventional quantum inverse-scattering method. We will
deal with the physical interpretation of the integrability
(Hopf algebra, comultiplication, etc.) rather than with
mathematical aspects of it.

The formulation of aquantum method usually starts
from the interlaced equation

Rv l,vz()(/y) I-vl, V(X) LVZ,V(y)
= va, V(y) I-vl,V(x) va,vz(X/y)'

Here, v, and v, are isomorphic n-dimensional vector
gpaces (usually, vector representations of asimple Lie
algebra); V isavector space, possibly not finite-dimen-
siond; and

R,,v,0End(v,0v,), L, End(v,0V),
L,,v O End(v, 0 V).

)

)

The arguments of the R matrix and L operators in
Eq. (1) are referred to as spectral parameters. There-
fore, the R matrix is a square n? x n> matrix and the L
operator is an n x n matrix whose elements are opera-
tors, namely, polynomials in the spectral parameters;
the permutation relations for the matrix elements of L
are defined by Eq. (1).
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The integrable model is specified by a chain of the
operators

T.(x)

Ly v,(X)Ly.v,(x) O End(v O va)( K

- Lv Vi, 1(X)

which is an ordered m product of different L operators
and referred to as a monodromy matrix of the m-length
chain. The numbers of V, spaces in Eq. (3) label the
component in the direct product VEM The monodromy
matrices obey Eq. (1) becausetheright-hand side of Eq.

(3) is an ordinary matrix product in the v space. The
trace of the monodromy matrix, t(x) = Trace, T, (X) U
End(VE™), is referred to as a transfer matrix. The com-
mutativity of transfer matrices, t(X)t(y) = t(y)t(x), isa
conseguence of Eqg. (1).

The V,, spaces are referred to as quantum spaces,
and operator-val ued matrix elements of al L operators
form an algebra of observables of the chain. This alge-
braislocal since matrix elements of different L opera-
tors are commutative operators because of the specific
structure of the direct product. The space v, which dis-
appears when atransfer matrix has been constructed, is
referred to as an auxiliary space; hence, the transfer
matrix t(x) can be referred to as an auxiliary transfer
matrix. The coefficients of expansion of t(x) in terms of
the spectral parameter are polynomialsin the algebra of
observables, and because of the commutativity of trans-
fer matrices, they form a set of commutative operators
and are called integrals of motion.

Within the framework of the quantum inverse-scat-
tering method, the auxiliary linear problem is defined
by the relations

q)va,Vu(X) =Dy, (4)

where®, Ov O V"™, n=0,1, ..., m. The monodromy
matrix T, (X) isamonodromy of the vector @, circuiting
aclosed chain. It is noteworthy that the linear problem
is not essentially used in quantum integrable models.

Together with intertwining equation (1) for L opera-
tors in the auxiliary space, there may exist the inter-
twining equation

Ly v,(X) Ly v,(Y)Sy, v, (Y/X)
= Sy, v,(YX)L, v,(Y)Ly, v, (X)

in the quantum space, where S\, is ascalar in the

space V. It is possible to express both the monodromy
operator and the transfer matrix Q(x) in terms of the
operators S

Q(x) = Trace,S, v, (X)...

©®)

Sv,v,(X)Sy,v,(X). (6)

L A transfer matrix does not always generate a complete set of inte-
grals of motion. In fact, in addition to the transfer matrix, one
should consider al quantum characters of the monodromy
matrix, with the trace being the first of them. The method of cal-
culating the quantum charactersis determined by the R matrix.
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Asfollows from Eq. (5), Q(X)t(y) = t(y)Q(x). When
constructing Q, the quantum space serves as an auxil-
iary space; hence, Q(X) is referred to as a quantum
transfer matrix. It isworth noting that, when construct-
ing the quantum transfer matrix, we use the trace over
the quantum space supposed as a Hilbert space. In this
case, under the extra assumption on the positive defi-
niteness of the matrix elements, we can also consider
statistical mechanics on atwo-dimensional lattice. The
statistical sum of asguaremx k latticeis, by definition,

Z(x) = Trace ..Q(X)" )

If we do not require that the space would be a Hil-
bert space, we can use an evolution operator instead of
the transfer matrix. The operator is defined as follows.
Let us consider the auxiliary transfer matrices

t(x,y) = Trace, L, v, (X)L, v, ,(Xy)Ly v, ,(X) o
X .. Ly v,(XLy, v, (Xy), ®)

where mis assumed to be even. They form acommuta-
tiveset: t(x, y)t(x,y) =t(X, y)t(x, y). We define the evo-
lution operator

U(y) = S\/m_l,vm_z(y)s\/m_a,vm_4(Y)---S/I,VO(Y)UOv 9

where the specific permutation operator U, is defined
by the relations

e Uy = Uye,, foroddp,
u~0 o*u P— (10)

and €,Uy = Ugg,,5, foreven .

Here, g, isan arbitrary element e of the pth component
of the local algebra of observables:

e, =100 0O e ..,
tr;nh
factor
where p O Z,, if the length m of the chain is even. By
definition, the operator U(y) does not require the trace
to be determined. Moreover, only the canonical trans-
formation e — SeS rather than the operator S is
needed to evaluate the one-step evolution e — € =
U(y)eU(y)™. According to Egs. (5) and (10), after being
expanded in apower series of x, the transfer matrix t(x,
y) generatesthe set of integrals of motion for the evolu-
tion operator U(y):

t(xy) = UWtx y)U(y) ™. (12)

It is worth noting that statistical sum (7) for themx m
lattice can be defined in terms of the evol ution operator:
Z(y) = TraceU(y)™.

(11)

1.2. 2 + 1-Dimensional Models

The problem of integrable models with higher
dimensions virtually reduces to the extension of the
notion of a one-dimensiona chain to the two-dimen-
sional case, namely, to an auxiliary lattice. The method
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proposed in this paper is based on a specific auxiliary
linear problem different from (4) and dependent on
local properties of the auxiliary lattice. In this case, no
analogues of the L operator and auxiliary space are
employed; moreover, basic nations of quantum groups,
namely, fundamental R matricesand relationssimilar to
(1), need not be used. However, we will use al other
notions of quantum groups: the local algebra of observ-
ables; an analogue, defined as adeterminant, of the aux-
iliary transfer matrix; quantum intertwiners, i.e., ana
logues of S operators satisfying the tetrahedron equa-
tion; and evolution operators and quantum transfer
matrices, which are used for treating statistical mechan-
icson acubic lattice.

It isimportant that the shape, as well as the size, of
the auxiliary lattice for 2 + 1-dimensional models serve
as parameters. Sometimes, the inverse transition from
the2 + 1-dimensional local formalismtoal + 1-dimen-
sional one (i.e., transmutation of the dimension into the
rank) is also possible. In this case, the spatial dimen-
sions, n and m, turn into the “dimension of isotopic
symmetry group” and the chain length, respectively. In
this way, depending on the shape of the auxiliary lat-
tice, various 1 + 1-dimensional models can be obtained,

for example, the models associated with Oqu(sTn), the

guantum relativistic Toda chain and a series of its gen-
eralizations, the quantum discrete Liouville modedl and
its generalizations, etc.

2. FORMULATION OF THE MODEL
2.1. Auxiliary Lattice

First of all, we introduce the notion of atwo-dimen-
sional auxiliary lattice, which replaces that of a one-
dimensional chain.

Definition 1. A lattice formed by directed lineson a
torus will be referred to as an auxiliary lattice. The
lines may intersect in pairs or be nonintersecting. We
also require that there be no lines a trivial homotopy
class and no topologically trivial entanglements. The
key requirement is that the number A of vertices should
be equal to the number of sites, i.e., the lattice cannot
be mapped on a sphere.

In the construction proposed, we will use vertices of
the auxiliary lattice and its sites. A pair uy, and w, of
invertible generators of a simple Weyl algebra with a
unique parameter g for the whole lattice and, in addi-
tion, a C-number parameter K, are assigned to each
vertex V. The algebra of observables, defined by the
equalities

UyUy = UyUy,  WyWy = WyWy,
B (13)
UyWy = q ° Wyly

isaloca Weyl algebra.

2004
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& by =0, + 0,0 2uy + 6 Wy + b gkyuy Wy

Fig. 1. Vth vertex of an auxiliary lattice.

For each site Sof the lattice, we define an auxiliary
element ¢ belonging to the formal left module of the
local Weyl algebra.

Each vertex of thelatticeis surrounded by four sites
(see Fig. 1). The sites surrounding a vertex V and the
auxiliary linear elements are denoted by (a, b, ¢, d) and

by (¢, -, ¢g), respectively.

Instead of the notion of L operator, we introduce the
definition of avertex linear form.

Definition 2. For each vertex V, we define a vertex
linear form|,, asalinear superposition of site elements
¢ with coefficients from the vertex \Weyl algebra:

def 1/
Iy Z 0ot 0p0" Uy + Gy + Dok UyWy.  (14)
In fact, this definition of the vertex linear formis a
generalization of auxiliary linear problem (4) in the
forml,, = 0.

It is noteworthy that the definition of |,, made above
involves directed lines. Hence, the rule given in Fig. 1
should be applied to all the vertices of the lattice,
becausethe auxiliary lattice, by definition, isformed by
directed lines. This implies the mapping of the torus
onto a plane parallelogram with identified sides. Let us
fix one of the possible mappings of a lattice. In this
case, some boundary sites will be divided into several
parts. The parts on opposite sides of the parallelogram
must be identified. However, it is necessary to sightly
change the definition of the auxiliary variables ¢, Let
S be one such cut site and ¢ be an auxiliary variable
assigned to one of its pieces. In this case, the auxiliary
variables xb5 and ybs (x and y are complex numbers)
are assigned to the cut-site pieces obtained by passing
the first and second cycles of the torus, respectively.
Such conditions are referred to as quasi periodic bound-
ary conditions, and x and y are C-number monodro-
mies. A lattice formed by two lines, two vertices, and
two sitesisshown in Fig. 2 asan example. The horizon-
tal and vertical directions correspond to the first and
second cycles of the torus, respectively. Site 1 is thus
cut into four parts, while site 2 is cut into three parts. If
we go from the left (upper) sideto theright (lower) side
of the fundamental rectangular of the torus, then the
variable ¢g is multiplied by x (y). It is important that
there are just two monodromies, which correspond to
the two independent cycles of the torus.

PHYSICS OF PARTICLES AND NUCLEI

V 4/ ~—y b

y‘lxq)z—/
/:—xy o}

x ¢,
Fig. 2. An example of quasi-periodic boundary conditions.

x ¢,

2.2. Generating Functional of the Integrals of Motion

Asaresult of the rules defined above, we obtain the
system of linear relations

ly = Z‘bsl—sv(xv y) (15)

for each lattice on the torus. Here, L g, is the matrix of
coefficients of linear equations (14), which is defined
with alowance for the quasiperiodic boundary condi-
tions described above. Since the algebra of observables
islocal, we can introduce the operator-valued determi-
nant

j(xy) = det|Lgyv(x Y (16)

of the matrix of coefficients. This quantity is well
defined. Indeed, according to our definition of the aux-
iliary lattice, the number of verticesisequal to the num-
ber of sites, sothat ||L 5 ||isasquare A x A matrix. Sec-
ondly, according to linear relation (14), the operator-
valued matrix elements of Lgy are locally commuta-
tive:

V£V, (17)

Therefore, the ordering need not be performed and
this determinant is given by the conventional formula

det"LS\V” = z |_| LS=0(V)\V-

permutationsof oV

Lgvbsy = Lgvlgy, if

(18)

The determinant j(X, y) isaLaurent polynomia in x
andy:

Z XayBj;,s-

a,BOZ

The summation in Eqg. (19) is taken over atwo-dimen-
sional discrete manifold Z, called a Newton polygon,
for the polynomial j(x, y). The numbers a and 3 in Eq.
(19) are always integers. Both the type and shape of Z
depend on the dimension of an auxiliary lattice and its
shape and on the arrangement of the parametersx andy
in the definition of ¢«

Inany case, let N' = jg o and

jxy) = (19)

Jap = dapN T (20)

Vol.35 No.5 2004
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so that j, o = 1. The following statement is not a theo-
rem since we have proved it only for specific regular
auxiliary lattices (e.g., for square or spiral lattices).
However, we have analytically verified this statement
for a series of finite lattices.

Statement 1. For arbitrary (in shape and size) lat-
tices, the matrix elements j, ¢ satisfy the permutation
relations

japias = 0 plap- (21)
(Relation (21) remains valid for specific lattices not
considered here, namely, for lattices with lines of zero
homotopy class or with lines having entanglements and
self-intersections.) Relation (21) holds for any choice
of the parts of sites to which the variables ¢ without
factors x and y are assigned. The sign of the exponent
in Eq. (21) is the same for all pairs (a, B) and (a', B
and depends on the choice of directions of the two non-
equivalent cycles corresponding to the monodromies x
andy.

It is worth noting that the arbitrary choice of the
cycles is a trivia consequence of the definition of a
determinant.

Statement 1 is an assertion concerning integrability.
According to relation (21), the elements

def . . _a . -p

tap = Jor,BJl,uOJO,l (22)
form a commutative set; thisis a criterion for integra-
bility. The elements t, z are constructed as rational
functions on the algebra of observables. Moreover, asis
proved in what follows, they can always be reduced to

polynomials. There is another assertion in addition to
Statement 1.

Statement 2. In the cases under consideration, the
number of (algebraically) independent elementst, g(a,
B) O X isequal to A—1, provided that the auxiliary lat-
tice has no lines of trivial homotopy class and links.
Here, A isthe number of verticesin thelattice. The Ath
commutative element is an arbitrary function of j,
andjg ;.

The proof of Statement 2 concerning a complete set
of integrals of motion will be outlined bel ow.

The presented method of constructing a complete
set of commutative polynomials on the algebra of
observables is a basis of the integrable model. The
method replaces the construction of auxiliary mono-
dromy matrices and the evaluation of their quantum
characters. It is remarkable that we did not need to
employ interlaced equations (1), a basis of the 1 + 1-
dimensional quantum inverse-scattering method. How-
ever, when formulating three-dimensional models in
terms of two-dimensional ones, L operators of the
guantum inverse-scattering method originate automati-
caly.

Furthermore, an essential difference between t(x)
and j(x, y) isthat the set j(X, y) contains a noncommu-

PHYSICS OF PARTICLES AND NUCLEI  Vol. 35
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xb, b>
', V=3 V=1
b3
yo,
b, V=2

Fig. 3. Oriented triangle on atorus.

tative pair, j; o and |y, 1, which serves asacanonical pair
for the “ center of inertia”

2.3. Examples

We now present some examples of auxiliary lattices
and determinantsj (X, y).

2.3.1. Triangle. Let us consider atorus with an ori-
ented triangle shown in Fig. 3, where the indexing of
vertices and sites and the arrangement of spectral
parameters x and y are also given: the passage from the
lower (left) edge to the upper (right) corresponds to the
multiplication by x (y). This triangle is the so-called
minimum-size kagome lattice.

According to the rules given in Fig. 1, we have the
three linear forms

l; = x¢, + ¢2qﬂ2U1 + Wy + yd K U Wy,
l, = ¢5+ yq’lqmuz +o W, + X_1¢2K2U2W2a (23)

12 -1
l3 = X401+ 939 Uz +y GWs+ G KUsWs3,

which are defined by the following matrix of coeffi-
cients:

O 2 O
OX+YKUwy W +yq U, X+ KgUsWa ]
_ 0O _ _ OJ

L = O quzul X 1K2UzW2 y 1W3 ) (24)
0 O
O Wy 1 q u; 0O

The determinant of L is

12 1
detL = xq "u; +y "wW,w,w,

T ) (25)

X Yq KiKaUiWilpoWolz =X KoKaWiUWolsWa

3 -1 12
—YQq U UUz—Xy W3+ H(Q "UU3wsg,

2004
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a

¢u +1
Il
x¢p -1 x¢p /
Fig. 4. Fragment of a spiral lattice.
where

H=(w+ Kzu'l—qﬂszu'lW)
-1 12 -1 (26)
+s(W  +KU—Qq Kguw ),

-1 -1
us=w,ws; W=WwuUs,
(27
o -1 -1 -1

= —q  UW, Uy, Wolg Wy

Using ascheme based on Eq. (22), we conclude that the

-1
operators u,uU; and u; w; can be chosen as a noncom-

mutative pair and that the polynomials H and s given by
Egs. (26) and (27) and an arbitrary polynomia f(u,us,

u[lw3 ) form a complete set of commutative elements.

2.3.2. Spiral. One more example of the auxiliary
lattice is an arbitrary spiral lattice. Namely, let &4 and
9B be two basic cycles on a torus. The spira with m
turnsis aline of homotopy class &4 + m23. The second
lineisaline of class o{. A spiral lattice withm= 2 is
presented in Fig. 2. Figure 4 shows one fragment con-
taining the pth vertex of the lattice (u =0, ..., m—1).
The boundary conditionsin the vertical direction (cycle
9B, parameter X) are shown in Fig. 4, while thosein the
horizonta direction (cycle s{) have the form x¢_, =
Xy—lq)m—l and ¢m = y¢0-

In order to evaluate the determinant, we rewrite the
linear problem illustrated in Fig. 1 in a special way as
follows. For a system of linear equations I, =

sOsL gy, the determinant of its matrix of coeffi-

cients corresponding to the homogeneous system I, = 0
has the form ¢gdet||L || = O. In the next section, we dis-
cuss this aspect in detail. The linear equation

12
[lu = ]q)p + ¢p+1q up + X¢p—lwp
+x¢,K,u,w, =0,

corresponding to the pth vertex shownin Fig. 4, can be
rewritten in the form of Eq. (4):

chLp(X) = ch+ 1(_quzup)-

(28)

(29)

PHYSICS OF PARTICLES AND NUCLEI

Here, the boundary condition ®,,, = yd, is imposed on
the vector rows @, = (¢,,, ¢,,_1), and the matrix L is

U 1+ 12
Ly(x) = E XK UWy =q Uy (30)

Oooo

0 XW,, 0

The matrix L isalLax operator for the quantum relativ-
istic Toda chain. Linear equations (28) can be written
out as the system of two linear equations

m-1

[
O IT () -y[] (-4 u)d =0 (31
0 1o

OO
I

where the monodromy matrix is
T(X) = Lo(X)L1(X)...Lp_1(X).

It is evident that the determinant of j(X, y) is propor-
tional to a properly defined determinant of the matrix
T(X) — yl_lz";é(—q”zuu) . Using combinatorial analy-
Sis, one can rigorously prove that

(32

m-1 m-1

j(x y) =00 =y [ 0" u) =x"y " ] (-w,). (33)
H=0 p=0

where the trace t(x) of the monodromy matrix gener-
ates a commutative set of integrals of motion: t(x) =

zkm: Oxktk. Since t, = 1, the determinant need not be

m-1

normalized. For example, t,, = |_| u-oKuUuw, andt; =

ZUDZmK“u“W“ —Y2u,w,, , ;. Itiseasy to provethat t,
is apolynomial of degree k in both w,, and u,,. The set
t, is complete and implicitly contains the first element
of the noncommutative pair, with its second element

being |_| WUy Hence, relation (21) for the Toda chain
has the form

0 O
u,at(x) = t(gx) u, .
T g0 = o

u

(34)

2.3.3. Square lattice. A sguare lattice is our basic
example because it can have arbitrary dimensions in
both directions, i.e, it is the simplest, actualy two-
dimensional, lattice. Vertices of a square lattice are
numbered by pairs V = (n,, ng), wheren, 0 Zy,, ng O

ZN3, and N, and N5 are the dimensions of the torus.?

2 Looking ahead, indices n1 and N1 will be used below for discrete
time of quantum mechanics and for the third spatial coordinate of
statistical mechanics.

Vol.35 No.5 2004
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(1’12 + 1, I’l3)
¢n2, n3 (pnz, n3+1

(ny, n3) (g, n3+ 1)
¢n2—1, n3 (pnz—l,n3+1

Fig. 5. Fragment of an auxiliary square lattice.

The linear relation for an (n,, ny) pair takes the form

(I)n2 ng ¢n2 ny+ 1q

+ q) n,—1, n3Wn2, Ny q) n,—1,n;+ lK Ny, naunz, n3Wn2, ns*

n2 Ny Ny, N3

(35

Here,n, =0, ...,N,—1; ng=0, ..., N;—1; and the peri-
odic boundary conditions
Goin, = Xbn,—1ny Onyng = Y00 (36)

are imposed on the linear variables. According to the
definition of the matrix L, |\, = zsq)SL sv - Asfollows
from Egs. (35) and (36),

:1,

4
12 N N3—1
Un, nY J
6n2, 0

any nsX )

N Ng Ny, Ny

I—nz,n3+l‘n2,n3 =q
(37
an—l,ng‘nz,n3 =

Br0

K u W
Ny, Ng¥n,, ng¥Vn,, ng

N,-1

N3 N3

an—l, N3+ 1Ny Ny =

Here,n, 0 Zy,,ng 0 Zy,, and all the remaining L g =

0. The indexing used is shown in Fig. 5. The determi-
nant need not be normalized because j, o = 1 in the
expansion

N, N
. Vy, Vj.
j(xy) = Y X o,y (38)
Vv, =0v3=0
Let
Ny—1 N,—1
172
I_l (_q unz, ng)l \Nn3 = |_I (_an, n3)- (39)
n;=0 n,=0
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Gk e

=Wy Yv=kuyWy Yy=q"%uy,

Ao

Fig. 6. Four variants of apath through avertex on the square
lattice.

It is easy to prove that

N, N,—1
S Vo= []@-yUn),
- (40)
ZX3JOV3 - H(l_XWn3)
v3=0 n;=0

Without loss of generality, U, and W, can be chosen as
anoncommutative pair so that the set of the commuta-
tive integral's of motion

-V,

tv2 V3 = J\)2 V3UO WO (41)
contains dl the remaining U, U™ and W, Wy . Itis
convenient to write the permutation relations between
Ju,v, and (U, , W, )intheform

j(x Y)U,, = Uy j (g7, y),
T Y)W, = W j(% qy).

2.3.3.1. Combinatorial representation. There exists
aremarkable combinatorial representation for j, , on

a sguare lattice. The representation is defined with the
help of specific ways on the lattice. Each way passes
through each vertex and each site just once. Figure 6
shows the four possible ways passing through a vertex.
In general, these ways are multiply connected; an ele-
mentary connected component is shown on the | eft side
of Fig. 6. The torus cycles B and s{ are oriented
upwards and from right to left, respectively. Each way
W belongs to a certain homotopy class c(W') = v, +
v,2B. Let y, bethefactor associated with avariant of the
passage through a vertex. These factors are written out
in Fig. 6. Then,

(42)

o= S "W @

W c(W) =v,osd + VB along W

This representation coincides with the definition of a
determinant as a sum over permutations o: detL =
oM |_| i.a() - In the case of nonsquare lattices,

the variants of the passage through a vertex and the cor-
responding factors y, depend on the type of vertex.
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2.3.3.2. Lax operator. In much the same was as for
the spiral lattice considered above, the homogeneous

linear problem |, , = 0 can be expressed in terms of
vector rows and Lax operators. For a fixed ng and al
n,=0, ..., N, — 1, system (35) can be rewritten in the
form

(ng) (ng) (ng+1) _(ns)

A (x) = -0 B " (x), (44)
(n3)
where ®© :(¢o,n3-¢1,n3v---v¢N2—l,n3)and
(n3) Ony0
A (X) = Z (enz, n, +X en2+1, nZan, n3)v
nZEIZN2
B™(x) (45)
_ 12 8,0
- Z (enz, an unz, n, +X an, n3un2, n3Wn2, n3)-
n, 07y

2

Here, e, ., istheidentity (n, n,) matrix in End(C"").
Introducing the matrices

L™ = A" (B™ () (—q"usn) ", (46)

we rewrite the system of homogeneous equations along
the horizontal strip shown in Fig. 5 in the form of Eq.
(4). According to the results of [10], matrices (46) sat-
isfy interlaced equation (1) for a certain specia R

matrix associated with 6uq(sIAN2 ). The factor u&l% is

needed for the transfer matrix constructed from mono-
dromy (46) to generate the commutative (but not com-

plete) set tt, , Wo' = j;, Us .

2.4. Properties of Inverse Matrix of Coefficients

ThematricesL, in addition to remarkable properties
of its determinant j = det||Lgy ||, have other, no less
wonderful properties. Therigorous proofs of the results
presented in this section can be found in [5].

Since elements of different columns of matrix L are
commuting operators, its algebraic complements, as
well asits determinant, are well defined. Let A sbethe
algebraic complement of amatrix element L g, SO that

ZLS\VAV\S’ = jés\s- (47)
\%

where | = detL . Hence, the inverse matrix
(L vis = Ayg ™ (48)

is well defined. The commutativity of al elements of
any row,

(L_l)V\S(L_l)V\S‘ = (L_l)V\S‘(L_l)V\S OV, S 'S, (49)

PHYSICS OF PARTICLES AND NUCLEI

is the basic feature of matrix L~1. Instead of reading
paper [5], an interested reader could verify the validity
of formula (49) for smple matrix (24).

We choose V, and S, from al V and S such that
Avys, # 0 and define the normalized operator-valued
coefficients

Mg (Vo) = (L )vys(L vys = Ay hvys,- (50)
It follows from (49) that
Mg 5 (Vo) Mg 5 (Vo) = Mg 5(Vo)Mgs (Vo) (51)
and
mss,(Vo)i = imss, (Vo).

~ -1
Ms (Vo) = Avo\soAvo\s-

These formulas yield the following method of solving
the system of homogeneous equationsl,, =0, OV. Let us

choose V, and S,, with AVO‘ s, # 0. Theincomplete sys-
tem|, =0, V # V,, has the solution

bs = dsMss, (53)

where al m are commuting operators. With regard to
(53), the remaining equation |, = O reducesto

bg) = 0. (54

According to (52), this condition is satisfied for any
Site,

(52)

bsj = 0 OS. (55)

The results of this section can be obtained by using
only the locality of the coefficients Lgy: LgyLsy =
LspLgy OS S for V # V'. As concerns alocal \}\/eyl
algebra, it should be noted that, for any A-vertex lattice
under consideration, the number A — 1 of Weyl pairs,
after taking away the V,yth vertex, is equa to the number
of independent commutative operators mg 5 (Vo)(X, ¥).

3. FINITE-DIMENSIONAL REPRESENTATIONS
OF THE ALGEBRA OF OBSERVABLES

3.1. Finite-Dimensional Representation of the eyl
Algebra at the Root of Unity

3.1.1. Simple Weyl algebra at the root of unity.
We now consider finite-dimensional representations of
the Weyl algebra, which exist if the Wey| parameter qis
aroot of unity:

q=¢e"" q” , (56)
where N is an arbitrary natura number greater than
unity. The Weyl pair (u, w) alows the finite-dimen-
sional unitary representation

iT/N
=€

u=ux, w=wz (57)
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Here, uand w [ C are parameters, while x and z can be
defined in the basis o= [omodNL) B]o'CF &, , 8

@IX'O"DZ qoéc,o'l |])'|Z|O"|:J= 60,0'+1'

The Nth powers of u and w are numbers; uN = uN and
wN = wN, In addition to the unitary finite-dimensional
representation, there exists an infinite-dimensional real
representation at the root of unity.

(58)

3.1.2. Algebra of observablesat theroot of unity.
To extend this representation to an entire lattice with A
vertices, we define

Uy = UyXy, Wy = WyZy. (59)

Here, the set of 2A parameters u, and wy, is, in general,
arbitrary, and

I I R G

—
the Vth
factor

10100 O &z

—
the Vth
factor

Xy =

(60)

Zy

Therefore, the N*-dimensional Hilbert space # with
the basis

lo0= |o,(0 |o,0 O |&,0 (62)
is defined for the algebra of observables. The auxiliary
elements ¢ belong to the dual space #*. In what fol-
lows, we usethe Dirac notation [ g|. In the specific case
N = 2, the matrices

Oq o O On 40
x=p0t9q, 0%1g
0o -10 1100
(62)
On 0
g’z =0°%g,
Oi 00O

are the Hermitian Pauli matrices. It is easy to verify
that, for any lattice, all operators j, 5 entering into
expansion (19) of the determinant are IEIermitian, pro-
vided that g¥2u,, wy,, and K are real-valued for all V.
Hence, any integrable model proposed for N = 2 has a
physical interpretation.

Because al the operators under consideration
become finite-dimensional, the fundamental problem
of the theory of integrable systems, namely, the simul-
taneous diagonalization of the complete set of the com-
mutative matrices t, g, or, at least, the evaluation of
their spectra, makes sense The simultaneous diagonal -
ization can be performed in the case N = 2 because the
matrices are Hermitian, while for N > 2, such a diago-
nalization is postul ated.

PHYSICS OF PARTICLES AND NUCLEI  Vol. 35
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3.2. Auxiliary Linear Problem
in the Finite-Dimensional Case

We now consider the auxiliary problem in the finite-
dimensional case:

zﬁbél—s‘v =0 (63)
S
System (63) is a system of equations in the NA-dimen-
sional vectors [§ g|. Therefore, this is a system of AN?
C-number equations, for which the solvability condi-
tion takes the form

DetL =0, (64)
where Det means the determinant of the AN® x ANA-
dimensional matrix L. In this case,

DetL = detj, (65)
where | is determinant (16), and detj is evaluated for |
taking as an AN® x AN® matrix. By virtue of (55), each
[§ 5| belongs to the zero subspace of the operator j.

Sincethe quantities uy, Wy, Ky are arbitrary parameters,
condition (64) is a condition imposed on x and y.

To find a solution of auxiliary problem (63), we use
the basis in which all mg 4 are diagonal matrices. In
this case, Eq. (53) becomes trivial:

[bd = [pg|mgs = [Dg/Mg s, (66)

wherem O C is an eigenvalue of the operator m. Qua-
siperiodic conditionsin termsof x andy areimposed on

Mg g, - I this case, linear equation (14) takes the form

112
@] (M, 5, + My 50 Uy + My g Wy

(67)
+my g KyUuywy) = 0.

Equation (67) has atrivial compatibility solution (N x
N determinant for the Vth component)

N N N, N N
My 5, — My, 5 ENUy + M g €Wy

N N N (68)
+md sKvUywy =0,
where
ey=detx =detz = (0" (69)

The system of linear C-number equations (68) coin-
cides with quantum system (63), provided that the vari-
ables x and y in the periodic conditions imposed on ¢g

are substituted by xN and yN in those imposed on mg s -
System (68) can be written out in the matrix form

ngSOLS‘V = 0, (70)

where the C-number matrix elements Lg), are deter-
mined by the coefficients entering into Eq. (68).
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Let
I yN) = det|Lgy]- (72)

If J(xN, yN) = 0, but the rank of the matrix L is not less
than A — 1, then system (68) has a unique solution sat-

isfying the normalization condition mg 5 = 1. Hence,

the spectra of the operators are fixed, and the correct
form of (66) is

is
Bs(DIms s, = Mg5q s (C)]-
Here, mg 5 = 1and {5 = 0. All the remaining mg g

(72)

are fixed Nth roots of the solution mgsn of Eqg. (68),

and al theremaining {sJ Z. Therefore, the operators
m are cyclic, i.e, mN =mN O C. The matrix elements
@ 4Q)|o'Tin basis (61) will be explicitly constructed
below.

It isimportant to note that auxiliary linear problem
(63) has a solution only if the quantities xN and yN sat-
isfy the condition J(xN, yN) = 0. More specificaly,
equation J(xM, yN) = 0 defines an algebraic curve I'y
with a point on it defined as P = (xN, yN). In what fol-
lows, werefer to the curve and the case J(xN, yN) =0 as
a classical spectral curve and the case of spectral
parameters on the curve, respectively. On the contrary,
arbitrary (X, y) will bereferred to asfree spectral param-
eters.

As follows from these arguments, the dimension of
the linear space [ {(¢)| defined by condition (55) and
being the maximum possible dimension is equal to the
number N2 —1 of different sets {s. Therefore, the condi-
tion J(xN, yN) = 0, being a necessary and sufficient solv-
ability condition for system (63), yields the algebraic
identity for free x and y:

DetlL] = detj(x,y) = IV . (73)
Equation (73) appears to have a ssimple combinatorial
structure; indeed, it defines the method of evaluating
the determinant DetL of a matrix with the use of two
different block decompositions of it.

The determinant detj canin turn be evaluated differ-
ently. Indeed, because j contains the commutative set
t, s and one noncommutative pair (Uo, W) [see, e.q.,
Eq. (41)],

detj(y) = [ et i(xy)

ta,B = tu,B
in the basis of diagonal t.

The N x N determinant of the noncommuitative pair
generates the Nth powers of x and y, while the product
of the eigenvalues t, = t, 5 contains NA~* factors.
Hence, because J(xN, yN) is an irreducible polynomial
in xN and yN being in general position, Eq. (73) is the
identity that generates the Abelian algebra t, ; when

(74)

PHYSICS OF PARTICLES AND NUCLEI

expanded in terms of xN and yN:
det j(x,y) = IO, y").
Uy W,

Equation (75) is a functional equation alowing us to
evaluate the spectrum of t,, .

Rigorous proofs of the results presented in this sec-
tion can befound in [5].

(75

3.3. Examples

In this section, we consider some examples of the
evaluation of J(xN, yN) and the parametrization of J(xN,
yN) = 0. For an arbitrary lattice with arbitrary uy, w,
and Ky, (so-called pointsin general position), the param-

etrization of u\')', WCI, KC‘, and msN can be performed
in general form within the framework of algebraic
geometry. For alattice with A vertices at points of inter-
section of A' lines, the equation J(xN, yN) = 0 defines a
plane algebraic curvely = P = (x, yN) of the gth type,

whereg=A—A'+ 1.3 The parameters uy , Wy, , and Ky,

and the quantities mg are expressed in terms of the
theta functions on Jac(I" ) and of primary formson T x
I For pointsin general position, Eq. (68) isequivalent
to a combination of two Fay’s identities. In addition to
g modules and g components of an arbitrary vector z0
Jac(I ), divisors of meromorphic functions of xN and
yN play an important part in this parametrization, serv-
ing in asense as spectral parameters. The motion along
Z, which changes u, and wy,, represents an isospectral
deformation of the theory because the coefficients in

J(xN, yN) remain unchanged. From the point of view of
Poisson mechanics, this implies that the classical sys-

tem (uy , W, ), with the Poisson bracket {uy , Wy, } =
u\“,'w\’)I imposed on it, is an integrable system, where

mg' is its Baker—Akhiezer function and Z is its time.

Some details concerning applications of algebraic
geometry can befound in [3, 11-13].

The cases when the initial points uy, Wy, and K, are
not in general position (i.e., when the curve I, degener-
ates) are of specia interest. Because of this, wewill not
consider curves of afairly high kind here. The analysis
of the classical system within the framework of alge-
braic geometry can befound in [3, 11].

3.3.1. Trivial example. Let us consider asquare lat-
ticewith N, = N; =1 and A = 1. According to Egs. (35)
and (36),

L=j(xy) =1+ yqﬂzu + XW + XyKUW, (76)

3 The “classical” curve I should not be confused with 2, which
can be referred to as a quantum curve. Points of these curves are
given by pairs (x™, yN) and (x, y), respectively.
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where u and w is the single noncommutative pair. Such
a determinant was evaluated above [see Egs. (67) and
(68)]:

DetL —:detj = 1—yNe u" + xVe W
N N ( )
+xNyNKNuNWM_J(x y )

Equation J(xN
on (xN, yN).4
3.3.2. Uniform sguare lattice. For asquare N, x N,

|attice with uniform uy,, w,, and Ky, we can set, without
loss of generality,

yN) = 0 defines a curve of the zero type

unz, Ny =-q ., an, ng = -1, an, ng = K. (78)
In notations (35), Eqs.(68) for msN take the form (the
sign of S, is omitted)

N N
n,ng mnz, ng+1 - mnz—l, ng

m rnn2—1,n3+1KN =0, (79

with the boundary conditions m_Nl, Ny, = memz_L n, and

m,’l N, = mer'lo. Because EqQ. (79) is the first-order

recursion with uniform coefficients, its solution can be

sought intheform m,,_, = A "u™, where
N

1-A—p—k"Ap = 0, A" = XN uN3 = y". (80)

Therefore, if x and y are pointsin general position, then

WYY = T
)\Nz = pNs =y
As an example, we now write the functional equa-
tion for the spectrum of j (38) in the case when N = 2.

According to normalization condition (78), Egs. (39)
reduce to

(L=A—p—k"Ap). (81)

Ny—1 N,—1
Un2 = |_| an ny? |_| an ng? (82)
n;=0 n,=0
sothat U2 = W =1and
j(y) =3 W) *(YUo) ', v,
Yot (83)

=1, o(XZ, yz) —XWt,, 1(X2: yz) —YyUot,, o(XZ: yz)
—ixyWoUoty, 1 (X", ¥°).

4Asa remark to Footnote 3, it is worth noting that the equality
J(xN, yNy = 0 considered as an equation in (x, y) defines a special
Baxter curvey of the Gth type with the Baxter module k=N,
where G = (N=1)2.
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As was noted above, for N = 2 and a rea-valued K, all
matrix elements j, ,, and, therefore, polynomials

ti (X% y?) are Hermitian. The determinant of j on the
subspace of the operators U, and W, can be expressed
interms of t; (2, y?):

det (% Y) =1tg,0(¢ ¥) = X6, (<, ¥')
Yo (84)
2 2.2
—ytlo(x Y) thll(x y)

Equating expression (84) to J(x?, y?) given by Eq. (81)
for N = 2, we arrive at a functional equation. One
should pay special attention to the polynomial structure
of t; \(x?, y?), which follows from expansions (38) and
(40). It is convenient to fix the basis (Uo, W) and set,
for example, U, = 0, and W, = 0;. In this case,

O to o+ Xyty 1 Xt +iyty o B

ixy) =0 ,
OXto,1—1yty 0 too—Xyty; U
(85)
_HAMY) B(xY) g,

DC(X y) D(x, y)D

so that det,,, w,j =AD —BC.

As an example of a particular solution of the func-
tional equation, we consider a lattice having the even
dimension N3 = 2M in one direction. Let

= ]

}\Nz = uM =y
It is evident that J(x2, y?) = f(x2, y)f(x? —y), and the
functional equation has the solution

(L-A—p—K°AW).  (86)

to o+ Xyty 1 = f(X v =Y)s 87)
We find only the ssimplest solution of the functional

tio=1:1=0.

. . NpNg—-1 .
eguation, which has 2 different solutions. In
other words, for an arbitrary solution with the proper
polynomial structureof t; ,(x2, y?), there existsaunique

spin-lattice state with appropriate eigenvalues t,, .

3.3.3. Nonuniform square lattice with a rational
parametrization. We now consider a specific auxiliary
nonuniform square lattice. Instead of evaluating J(xN,
yN) at points (x, y) in genera position, we propose here
a method of parametrizing linear equations (68) in
coordinates (35):

N

N N N
mnz, ng _mnz, n3+1€Nun2, ng + mnz—l, nseNW

= (8g)
N N N N )
+ mnz—l, n3+1Kn2, n3un2, n3Wn2, ns - .

The nonuniformity of thelattice is described by thefol-
lowing redefinition of the lattice parametersin terms of
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(2N, + 2Ng) € numbers (Y, , Yy, Z, , Z,, ) and (N, +
Ns) auxiliary scale factors (&, &30, ):

N Yo, = Zn,

_ N
unz, ng — eNE.B, ng

Y;Z -2,
Y, —Z
N N Ny N3
w = —€ —_ 89
ny, Ny NEZ, n2Ynz _ an ( )
N _ (Yn2 - 2;13) (Y;12 - Zn3)

Ny, N3

(Yn2 - Zns) (Y;12 - 2;13) .

Itiseasy to provethat, for such values of the parameters,
the general unnormalized solution of system (88) is

N N
mnz—l,n3 = mnz—l,n3(x)
n,—1 ng—1
_ |_|EN X_szﬂ 1 X-2, (90)
- 2,j, ! N v
i,=0 X_Yizj3:063,jsx_zjs

where X is a free parameter determining the quantities
xN and yN on the curve J(xN, yN) = 0 under the closure
of Eg. (90):

voop XA
&40, X~ Zn,

n3DZN3

Parametrization (89) and (90) holds, for example, under
the reduction of the classical curve Iy, with g = (N, -

1)(N; —1), into asphere with distinguished points (Y, ,
Zln3)' In this case, the theta functions reduce to uni-

ties, while the primary form of the two divisors X and Y
reduces to the primary form on the sphere, (X —

Y)/ J/dXdY . Such reductions are described in detail in
[12]. Parametrization (89) is not unique. As is shown
below, it represents, in a sense, the “zero-soliton”
parametrization.

3.3.4. Checkerboard lattice. Finaly, we consider
the case of the square lattice when T is factored into a
torus. Such a factorization is natural for a periodic lat-
tice of parameters with the step M = 2 K, ,, =

KnzmodZ,n3mole unz,n3 = un2m0d2,n3mod21 and \an,n3 -

Wi, mad2, n,mod2» Where N, and N are even. In order to

evaluate J(xN, yN), we find its Fourier transform [in
much the same way as for (81)], make the substitution

X=Y,
-N _ N n, N N N N
X = r| Ez,nzm, O my 5, =Am, . admg, ., =pm, ., andeva-
n0Zy, 2 uate the determinant
N N N N N
1 —HenUog, 1 ENWy o MKy Up Wy g
—e U 1 Ky oUJ gWy €]
X4()\’p~) - det NY0,0 1,041,010 NYV1 1 (92)
N N N N N
AezWo o AMKg 1Ug 1Wo 1 1 —HenUy g
N N N N N
AKg 0Ug,0Wo, 0 AeyWo 1 —€nUg 0 1
If the point (xN, yN) isin general position, the result is U2 v?2 ,
aaA = =, bbp=—, ccAp=uv",
NNy W W (95)
J(x'y7) = [ Xa(A, 1). (93) )
uvpy _ , R
)\Nz/ZZXNY“Ns,/Z:yN BthD = (c+c'+ab +ab)Ay,
The parameter lattice can be simplified by using the
checkerboard structure: , DN_W—1D2 ) , DN—W_lDZ
N N N N h = k+D—2 D’kzh_DZD’(96)
enUgo = €yUy1 = b, eWgo = Wy ; = -3,
Kgfoug,owgfo = K:’L\flu:l'.\flwill\fl = _, (o) we arrive at the equation
ENUEO = eNu(')\fl = bl’ eNWZI'.\fO = eNW(')\,ll = _al, X4(7\U) = XZ(U!V!W’ k)XZ(—U,V,W, k)1 (97)
N N N _ N N N _ '
KLOULOWLO - KO,luO,lWO,l - _C. Where
For N = 2, the physical regime corresponds to real-val- @ ve 2 2 uv
ued parameters a, &, b, b', ¢, and c'. After performing Xo(U,v,w,k) = 1-=—-—+uv ' —4h—. (98)
the change of variables W w
PHYSICS OF PARTICLES AND NUCLElI  Vol. 35 No.5 2004
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3.4. Thermodynamic Limit

The spectrum of theintegral s of the commutative set
entering into the functional j(X, y) is determined by
Eq. (75). It seems impossible to explicitly solve this
equation for alarge auxiliary lattice; however, for some
states we can make certain asymptotic estimates as N,
and Nj tend to infinity. Thislimit will be referred to as
a thermodynamic limit, even though the system under
consideration is not a statistical one. Details of the cal-
culations given below in this section can be found in
[9].

3.4.1. Uniform lattice. First, we consider the ther-
modynamic limit for a uniform square lattice with N =
2, when J(xN, yN) is given by formula (81). Let the lim-
iting values
NZ

. N/
A= limx

N2>—>oo

and p= limy" " (99)
N3»—>oo

be real numbers[see Eg. (80)]. Introducing

XaA k") = 1-A—p—k"Ay, (100)
we can write Eq. (81) intheform
J = J\p)
N,—1N;-1
* 2ming/N,  27ing/Ny (101)
= [ []x:e ™™ " ue™ ™" k%),
n,=0n;=0

In particular, for Jon the*curve” J =0, thisimpliesthat
there exist distinguished pairs (one or two) (n,, ng) =

(m,, my) such that X, (A e uezmm3/N3) = 0. Inthis
case, we can define the nonzero quantity
J'(A, 1)
il il 102
_ X1(7\62 nlez, Hez n3/N3’KN). (102)

(N, ng) # (My, my)

If I(xN, yN) is real-valued, i.e, J(x", y") = I(xN, yN),
then

N2N3f

J o J~e (103)

as N, and N tend to infinity. Here,
2n

Ny 1
T\ R KD) 1 J'dCPz

2Tr)2 s

(104)

21

x J’d%log|l—)\ei(p2—uei%—KN)\uei%+i%|.
0

The quantity J approaches J' asymptotically because
logarithmic singularities are integrable.

Substituting asymptotic expression (103) into func-
tional eguation (75), we come to the conclusion that
there exist statesfor Eq. (85) (N = 2) such that the max-
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imum eigenvalues of the operators A, B, C, and D sat-
isfy the asymptotic condition
max(A, B, C, D) Oe """, (105)
The states are, of course, different for A, B, C, and
D. The evaluation of expression (104) depends on
whether J is considered on the curve or outside of it. In
these cases, the argument of the logarithmic function
has two or no zeros on the torus, respectively.

In the first case, we take

_ sinB, _ sinB; N _ SInBosinB,
NEgmge MU Smgs ¢ T sng,anpy (%)
where, by definition,

Bo = M- B, —B,—Bs.

The zeros of X, are determined from the equation

(107)

(108)

Because of the evident symmetry
T(B1, B2 Bs) = T(1t+ By, B2 Bs)
= F(By, T+ By Bs) = T(By, B T+ By)

= f(_Bl! _BZ! _B3)1

any set 34, B,, and 35 can be reduced to the canonical
form:

0<B;+B,<m, O0<P;+Bz<m,
O<B+Bs<m

(109)

(110)

In this case,
T = S(Bo) + S(By) + I(Bo)

+ J(Bs) —log|2siny,
where the function < is related to the dilogarithm:

(111)

B o
NOEE -B i

S(B) = TJacotaob( = T[Iog|23|n[3| + Zl

0 m =

112

—-TI<B<T (112

To obtain f for aset By, B,, and B; different from (110),
one can usethe simple symmetry properties of the func-
tion J:
S(B)+I(-P) =0,
S(B) + (- ) = logl2sinp|.

Values of kN can be within an unphysical range (kN < 0)
aswell aswithin a physical range (k > 0).

(113)
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14 SERGEEV et al.

If the equation X( ae® , bei%) = 0 has no solutions
(or only one solution, for example, X;(a, b) =0), wecan
introduce the parametrization

\ _ SnhB, _ sinhB,
~ sinhB,’ ~ sinhB,’
91 P (114)
KN)\“ _ sinh(B; + B, + Bs)
sinh3, '
where 3; O RmodiTt In this case,
i = logmax(1, Al lul, [k “Aul). (115)

It is noteworthy that expression (111) is similar to
that for the statistical sum [14] in the Zamolodchikov—
Bazhanov—Baxter model [15, 16]. This similarity is not
accidental. Expression (111) has no singularities,
which could indicate a phase transition. Thisis consis-
tent with the fact that the Zamol odchikov—Bazhanov—
Baxter model is a critical model [17]. The absence of
singularitiesis dueto the smpleform of integral (104).
An elementary method of complicating theintegral will
be described in the next section.

3.4.2. Checkerboard lattice. We now consider a
checkerboard lattice, with J(x", yN) given by Egs. (93),
(97), and (98). In this case, expression (103) and
assumption (105) hold, but the function f takestheform

21n

f= (116)

2(2 )

Because the function f depends on |u| and |v |, we can

takeall u, v, w, and h asreal positive numbers. It is easy

to find some symmetry properties of f. For example,

using X»(u, v, w, K) = X5(v, u, w, K) or x5(u, v, w, k) =
2

—u—2x2 (ut, v, w7, k), we have

where

2

T(w, k)d—efllTId

(120)

IogDZ 'S +DN 2W D + 2.4k —smcpj

Inparticular, fork=1andw= tanf3, , with0< 3, < 172,
we have

2-2p,
T(w=tanByk=1) = —Catalan+ 1 ad
Tt cosa

0 (121)

= 23(B,) + 23 (12~ B,) - 5log(25n2B,).

Here, 3 is defined by Eq. (112), and Catalan €

5 ()’
02j+ 1)’
given by Eq. (11) with 3y, = B, and 3, = B, = /2 - 3;.
Thus, expression (120) is in a sense an dliptic exten-
sion of the dilogarithm. The derivative of Eq. (119) [see
the relations between h, k, and w in Eq. (96)]

~ 0.9159655942. In this case,  is

fo(w, k) _

— K(k)
ok

(122)

where K(k) =

IJ(l 2)(1-K1)

has a logarithmic singularity at k = 1. Thislooks like a
phase transition in lattice integrable models.

The second regime correspondsto 0< k<1 (i.e,

—1
) WoW ] g I s e,
f(uv,w,k) = Elog%+fo(u,v,w, k), (117)
_1
Where TO(Wv k) - éllogV\/l
u,v,w,k) = fo(v, u,w,k ikt D 0
ff’i $10 = Tolv, ) (118) 1“ o h+m 0 (123
= f(u,v,w k) = f(u, v, w,k). J’ 9logE: 0
0
. . D W=W | D +S|n2<p]
Weintegrate (116) for u=v =1, when thefollowing O 2 |
three regimes are possible.
W w? where 0 < arcsin(k_l) <12 and
Inthefirst place, if O<k<1(i.e,h= ), then
1,1
afO(W’lk) - Kh kaey. (124)
fo(w, k) = T(w, k), (119) ok™ T
PHYSICS OF PARTICLES AND NUCLElI  Vol. 35 No.5 2004
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-1 2
Inthethirdregime,—EW_W 0 <—k2<0(i.e,0<
2 O
lw—w|

hs B=7-)

and

fw. k) = Sllogw.

For the more complicated case of u, v # 1, wefailed
to find a reasonable expression holding in an entire
four-dimensional space (u, v, w, k) (especially in the
case of the function X, having four zerosin the integra-
tion domain). Such solutions for various particular
cases can be found in [9]. It is worth noting that there
are some indications of phase transitions in the case of
u, v #1, namely, singularities similar to that of the com-
plete elliptic integral K(K) at k = 1.

(125)

4. ZERO-CURVATURE REPRESENTATION

In the previous sections, we constructed three-dimen-
siona analogues of chains and of auxiliary transfer
matrices. We now consider three-dimensional analogues
of guantum intertwining operators, namely, ana ogues of
Eqg. (5) and of the quantities defined by Egs. (6)—9).

4.1. Operator N

4.1.1. Formulation of the zero-curvature repre-
sentation. Let us consider a fragment of the auxiliary
plane, including a triangle shown on the left side of
Fig. 7. The vertices of the triangle are numbered by 1,
2, and 3, whilethe sites are indexed with b, ¢, d, e, f, g,
and h. According to therules of Fig. 1, threelinear rela

tions of the form |, = qu)SL v are associated with
the triangle. Here,

SO(b,c,d,e, f,g,h), VI (1,2,3),
and, for the indexing defined above,

(126)

E 0 W, K3U3W3E
o 1 0 1 0
0 s 0
Eklulwl qgu O E
[bsvl =0 g™, 0 o O @2
O 0 Kyu,w 0 O
[ 242VV2 [
g O 0 W [
l w4
0 Wg 1 q uz; O

Analternativevariant for thecrossing linesisshown on
the right side of Fig. 7. As before, the vertices are num-
bered by 1, 2, and 3. However, to distinguish the sides of
Fig. 7, we associate pairs uy, and w,, with theright verti-
ces. The sites are now indexed with a, b, ¢, d, e, f, and g.
The outer Sites on the sides are the same, while the inner
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.

¢e \ ¢e / ¢d
¢L’ 1 ¢d Z(I)a :

3/ 90\ 2
¢g / ¢b\ ¢f ¢,

Fig. 7. Zero curvature representation as equival ence of two
triangles.

sitehisreplaced by a. Thetriple of linear relations for the
right side hastheform I}, = Zs-%L'sw , Where

sSd(b,cd,e f,g,a), VI (1,23); (128)

0 ' 0

o W 0 0 0

g o 1 o O

0 . 0

g o 0 g u; O

, O " O
”st” = E 0 q u, 1 % (129)

Ok,u;w; 0 KaUswi O

D 1Y1vvia , 343 BD

O 1 W, 0 0O

O ., o .

0 g u; Kuow, wy 0O

It isimportant that the parameters k,, in the matrices L
and L' are the same.

Letx,yO(b, ¢, d, e f, g) and x #y. The number of
such nonequivalent pairs is equa to 15. Let M,

(M., ) betheminor formed by therowsx, y, and h (x,
y, and a) of the matrix L (L").
Definition 3. Therelations

1 -1

-1
Myl = Miyaur OXy (130)

will be referred to as a zero-curvature representation.

The multipliers of the minors are normalizing factors
for x=candy=e. Inthiscase, Eq. (130) reducesto q¥? =
g¥? and we arrive at a system of fourteen equations.

The zero-curvature representation defined above
looks fairly like the so-called local Yang—Baxter equa-
tion [18], because two Yang—Baxter triangles are com-
pared. In fact, the zero-curvature representation defined
is close to the equivalence condition for electrical con-
nections [19]. A classification of solutions of the local
Yang-Baxter equation can be found in [20].

4.1.2. Solution. Relations (130) should be consid-
ered as a system of fourteen equations in the six

unknowns uj, Wy, Uy, W5, Uz, and wy. In spite of the
overdetermination, this system has the unique solution

1 1 _l 1 _l _l
Wy = Wo\g, Wy = Agwy, Wz =AU,
L . . (131)
Up = Ag Wy, Uy = Ajug, Uz = U,
2004
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- 2 -1 -1
Ay = Up Uz—(q "Ug Wy +KWily,

_10K1Ka _ _
V22305 w5 (132)
K,

Ky -1 a1, Kz a1
A, = =*u; W3 +‘K-3U1 Wy —
2

_ -1 12 -1 -1
Ny = W;W5 —(q "UgWg + KW, Us.

Moreover, the quantities uj, ..., w; given by
Egs. (131) and (132) form the same local Weyl algebra
(13) astheoriginal uy, ..., ws do, i.e., an automorphism
of the local Wey!| algebra takes place.

Definition 4. We define the operator N, , 5 imple-
menting the similarity transformation, i.e., the auto-

morphism (uy,, W) — (uy,, Wy) given by Egs. (131)
and (132):

ER1,2,3Uv = U{/gtl,z,s, m1,2,3Wv = wyR
V=123

In fact, the operator N is defined as a mapping on
the ring of rational functions of the local Weyl algebra.
Definition (133) in terms of the adjoint action of an
operator isfairly relative until the Hilbert spaceis spec-
ified. In what follows, we denote such mappings by
gothic symbols.

Statement 3. Automorphism defined by Eq. (133)
satisfies the tetrahedron equation

ERl, 2, 39‘{1, 4, 55}{2, 4, 6m3, 5,6
= E)({3,s,smz,4,68({1,4,5m1,2,3-

Proof. Let us consider four nonparallel lines such
that the trianglesformed by any three of the lines be ori-
ented asthe triangle on the lift side of Fig. 7. The verti-
ces of this figure are numbered from 1 to 6 so that the
triples (1, 2, 3), (1, 4, 5), (2, 4, 6), and (3, 5, 6) corre-
spond to the vertices of the partial triangles. Displacing
the lines of this graph, we can obtain another graph, in
which all the partial triangles are oriented as the trian-
gle on the right side of Fig. 7. There exist two sets of
such displacements evidently corresponding to the
transformations T = My 5 3Ny 4 5N 4 N3 56 and
ivright = My 5,602 4 6014501 5 5. However, we can
evaluate the result of this transformation, regardless of
the order of the displacements, using only the initial
and final graphs. In this case, we come to the equiva
lence problem for 6 x 6 minors of thetwo 11 x 6 matri-
ces corresponding to the linear problems, similar to
system (130), for the two configurations. Because this
overdetermined system has the unique solution 2, it is
evident that & = T, = Tigr-

Therefore, we obtain a three-dimensiona inter-
twiner that satisfies the three-dimensiona analogue of
the Yang—Baxter equation.

4.1.3. R asan evolution operator. The operator i
can betreated asthe simplest evolution operator similar

1,2,31 (133)

(134)
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to two-dimensional operator (9) in the case when m =
2. We now consider an auxiliary lattice formed by three
lines on the torus. Such a lattice was described above
(seeFig. 3). Because of the cyclic boundary conditions,
thetriangle shownin Fig. 3 isequiva ent to both the tri-
anglesin Fig. 7. Therefore, the displacement associated
with the transformation R, , 5 does not affect such a
lattice. It follows from zero-curvature condition (130)
and can be verified by direct calculations that the

expression det|[L|u;" given by Eq. (25) isan invariant
of transformation given by Egs. (131) and (132) for

arbitrary spectral parameters. This is an analogue of
two-dimensional case (12). The invariance of the non-

. -1
commutative elements w,w,, U,Us, and u, w; follows

from Egs. (131) and (132) immediately, but the test of
the invariance of H given by Eq. (26) is rather tedious.

4.1.4. Evolutionary lattices. Many three-dimen-
sional extensions of formula(9) have been proposed. In
the two-dimensional case, the chain length is the only
parameter, while the shape of alattice and its size both
serve as parameters in the three-dimensional case.

Let usconsider an auxiliary lattice satisfying thefol -
lowing conditions on the torus:

(1) All the partial triangles of the lattice are oriented
asthetriangles shownin Fig. 7.

(2) There exists a nontrivial displacement of the
lines such that, with regard to the boundary conditions
on thetorus, the lattice turns into itself.

Such lattices will be referred to as evolutionary lat-
tices. The canonical-transformation operator ¢ corre-
sponding to a certain displacement of the lines and
formed by local operators I given by Eq. (133) will be
referred to as an evolution operator [an analogue of
Eq. (9)]. By definition, the operator i does not affect the
minors; hence, the operator & does not influencethe nor-
malized determinant of the matrix of coefficients, j(x, y)
O x,yOC. Therefore, the matrix elementsj, ; areinte-
grals of the motion given by the evolution operator €.

A kagome lattice, which is not considered here, isa
basic example of an evolutionary lattice. An evolution-
ary system on thekagomelatticewasformulatedin[1, 3].

We now consider thelattice showninFig. 2, whichis
not entirely evolutionary. The upper right part of thisfig-
ure shows asguare N, x N, lattice, with its vertices num-
bered asin Fig. 5withn, =0, ..., N,—1landn; =0, ...,
N;— 1. The vertices of the auxiliary lattice are numbered
as(2: ng) and (3: ny). In order to distinguish the vertices
of the auxiliary lattice from those of the square lattice,
we denotethelatter by (1: n,, ng). The numbers1, 2, and
3inthese notations mean the bundle numbers on the aux-
iliary lattice and correspond to the notation V=1, 2, 3in
Fig. 7. Thereare N,N; triangles similar to theleft triangle
in Fig. 7. The operator corresponding to the diagona
trandation of the auxiliary line from the lower right cor-
Vvol. 35

No. 5 2004



5 In the case of g in general position, the definiteness of the traceis

aconditional assumption.

QUANTUM INTEGRABLE MODELS IN DISCRETE 2 + 1-DIMENSIONAL SPACE-TIME 17

ner to the upper left corner is evidently an ordered prod-
uct of the local operators h:

T = |_| Eﬁ(l 1Ny Ny, (2:15), (31 0y (135)
n,=01N,—1ny=01Ny—1
where the ordered product is defined as

|_| My = Folalp.Ty _1-
nj=01N;-1

(136)

The operator T isathree-dimensiona and ogue of
the guantum monodromy matrix, with its trace
T = Trace;. ny 3:n)~ (137)

over the auxiliary spaces being an analogue of the
quantum transfer matrix.> The functional j (x, y) defined

I

81,2,3 =

|_| 5)C{(l iNp Ng), (2:Ng,Ng), (35 Ny, )

abovefor square lattice (38) generates a compl ete set of
the operators commuting with <:

ix,y)E = Tj(x,y) Ox,yOC. (138)

4.1.5. Operator 3. We have considered above the
case of just one auxiliary line producing additional
vertices of thetype (2: n,)(3: n,). Let usnow consider
the case of N, auxiliary lines indexed by n, =0, ...,
N, — 1. Theinitia auxiliary line with n; = 0 is shown
inFig. 8.

The vertices of the original square lattice and those
of the auxiliary lattice are numbered as (1 : n,, ng) and
(2:ny, ng) and (3 : ny, ny) (the first, second, and third
bundles), respectively. The operator corresponding to
the displacement of al the auxiliary lines across the
sguare lattice takes the form

(139)

n, =01 N;—1n, =01 Ny—1ny= 01 Ny—1

The operator 3, , 5 implements arational transforma-
tion of the algebra of observables; the resultant will be
marked by astar [in place of aprimein definition (131)
of Ny 5 4l

81,2,3Uv = u\’;81,2,31 81,2,3Wv = W\781,2,3- (140)
VIO{(1:nzn5), (210, N5), (31 Ny, N}

It is evident that 3, , 5 represents a cubic lattice. The

operator & isthe particular case of 3, 5 3 for N; = 1;
hence, this operator and operator (137) are associated
with alayer of the cubic lattice and alayer—ayer trans-
fer matrix, respectively.

4.2. Operator N in the Finite-Dimensional Case

4.2.1. R matrix. Permutation relations (133) defin-
ing the operator N are uniquely solvable for finite-
dimensional representations (59) and (60) with gV = 1.
However, definition (133) slightly changesin thefinite-
dimensional case.

It follows from definition (133) that, in addition to
having a matrix structure, the operator I affects the
centers of Weyl algebras:

N N
ml, 2,3U\';l = Uy ml, 2,31 ERl, 2,3W\'> =Wy ERL 2.3-(141)

SInthe case of qin general position, the definiteness of the trace is
aconditional assumption.

60ne more case of the unique solvability in terms of nonlocal
quantum dilogarithms is the modular dualization of Weyl alge-
bras by the Faddeev method in the strong-coupling regime with
the extra requirement that the operator R should be unitary.
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According to relations (131), (132), and (u + w)N =
uN + wN, this mapping exactly coincides with that for
original uy, and wy,:’

N -N
2 Ug,
N N, -N N NN N N AN (142)
Uy =A; W3, Up =AUz, Uz =UAg,

N NN N -N N N
W, =W,oA;, W, =A3 W, Wy =A

where

N _  -N N, -N_N N N -N
AL = Up Uz +U; Wy +Ky WU,
KN KN KNKN
N N, -N N N N N
K> K> K>

N N -N N -N N -N N
Ny = Wy W3 +UzWg +KzW, Ug.
We now define

IN 1 IN
uy, = Nuy, wy, =Nw,, V=123,

(144)
and impose the three natural restrictions on the phases:
W Wy = WiWh, U Wy = u'l_lw'a, U,U3 = UyUs. (145)

Let

.Uy A
XV:_|V1 ZV:_uva

Uy Wy

V=123 (146)

Because )N isan adequately normalized canonical map-
ping, there exists (according to the Schur lemma) a

7 In terms of the formal modular dualization, the Nth powers u\’)

N
and w,, are modular partners of uy, and wy,.

2004



18 SERGEEV et al.

3:N;-1

Fig. 8. An auxiliary map of the square lattice.

unique (up to a common factor) N3 x N matrix R; , 3
such that

XyR123 = Ryz3Xy, ZyRiz3 = Ry, 32y,
V=123

In order to write out the matrix elements of R in
basis (58), we introduce some extra notations.

Let p be apoint of a Fermat curve %:

(147)

pdéf XY OF « xV+y" = 1. (148)
We defineafunction W,,(n), withp 0 % and n 0 Z,, sat-
isfying the equations

W,(n) __y
Wy(n—-1) 1—an’

W,(0) = L. (149)

The function W(n) (which is referred to as a “g-
gamma function,” “g-exponential function,” or “q
dilogarithm”) has a series of remarkable properties at
the root of unity. An introduction to “q root of unity”
hypergeometric series can be found, e.g., in[21].

We then define the N3 x N3 matrix R; , 5 as a
matrix-valued function of four points, p;, p,, Ps, and p;,
of the Fermat curve:

g}, 05,03

. ' ' ef
[0, 05, 04R|0Y, 0%, 050 Ry o7 o (150)

(0'1—01)0'3Wp1(02 - Gl)sz(Glz -03)
Wp3(0'2 - O-1)Wp4(0-2 - O-;l.) ,

= 602 + O3, 0"2 + 0'3
where the x coordinates of the four points are related by
the equation

X1 X, = ( X3 Xq4. (151)

This matrix, referred to as an R matrix of the
Zamol odchikov—Bazhanov—Baxter model [16, 21],

PHYSICS OF PARTICLES AND NUCLEI

implements transformation (147) in basis (58) in the
variables

-1/2
q v,

X, = — Xy = q_MK —2
1 K, u, 2 2 X
' (152)
_u _1K,U
X3 = =2, X4 = _2_.2:
u, Kiuy
and
Yo Wi Ve cwe W
- 1 - 3 y
Y1 Uu; Ya W,
‘ , (153)
Vo _ Wo Vs _ ueKsls
Yo W3 Y, Kiwy'

where uy,, W, Uy, and w, are related by Egs. (142),
(144), and (145). To prove statement (147), one should
evaluate matrix elements of each relation in (147) and
use definitions (58) and (149).

R matrix (150) is a matrix function of three contin-
uous parameters [see Eqg. (151)] and three discrete
parameters related to the points y; of the Fermat curves:

yjN =1- xiN . There are just three discrete parameters
because the simultaneous change of phases of all the
variables y;, y; — qy;, does not influence matrix €le-
ments (150). On the other hand, parametrization (152)
and (153) has nine independent variables (uy, Wy, Ky)
and, by virtue of Eqg. (145), just three independent
phases in the set (uy, Wy ). The set of Egs. (152) and
(153) will bereferred to as afree parametrization of the
R matrix. The notations R(py, pP,, Ps, Ps) and R(uy, Wy,
Ky) both are used in what follows.

There is an important distinction between the map-

ping N and the similarity transformation by the R
matrix. According to definition (133), the relation

NF(uy, wy) = F(uy, )N, V =1,2,3, (154)

isvalid for an arbitrary rationa function F(uy,, wy) on
the Weyl algebra. On the other hand,

RF(uyXy, Wyzy) = F(uyXy, Wyzy)R, (155)

at the root of unity, when uy, = uyx,, and wy, = Wy z,. In
order words, the mapping 1 is equivalent to the simi-
larity transformation by the R matrix and, in addition,
the transformation (u, — uy , Wy, — W, ) of the centers
of Weyl algebra. Such a property has been noted
in[22].

4.2.2. Evolutionary mappings in the finite-
dimensional case. When constructing finite-dimen-
sional (i.e., matrix) parts of the evolutionary mappings
¥ and 3, we have to consider iterations of the func-
tional mappings (u,, w,) — (uy, W, ). This causes
some complications in the analysis of finite-dimen-
Vvol. 35
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sional operators. Let 3 be an evolutionary mapping
constructed from different I1 and defined on an auxil-
iary lattice:

JF(uy, wy) = F(uy, wy) 3. (156)

The mapping 3 naturally decomposes into the finite-
dimensional part Z,

ZF(uyXy, Wyzy) = F(uyxy, wyzy)Z,
with

(157)

Wy

Nl
N *
N Wy

*
* uV *

XV = s ZV =
[N
N *
Uy

and the functional part

(158)

wi®. (159)

There are two specific functions among all functionson
the algebra of observables, namely, the functionalsj (x,
yluy, wy) and J(xN, yN|u\'>', W\';l) generating the inte-
grals of the motion defined by the evolutionary map-
ping 3. They both are invariants of the mapping 3:

J(Xv yluVl WV) = J(X’ ylu:;v W;k/)v

* *N

JOM yMug wy) = O yMust we.

N
uVHu\’;: u{‘/’ anewi‘/:

(160)

According to definition (157), the matrix j is not an
invariant of Z:

J O Y uyXy, Wyzy) = (X, YUy Xy, Wi zy

(161)
= Zj (% YUl xy, W z,)Z

Therefore, if the set (uy, Wy, Ky) iSin general position,
so that mapping (159) isnontrivial, then mapping (159)
isan isospectral deformation of the operator j(x, y) and
the matrix Z implements this deformation.

When constructing the hypothesis on quantum sep-
aration of variables, we will use the method of isospec-
tral deformations.

A submanifold of initial values of (uy, W, Ky) can
be chosen (by far not uniquely) such that
Uy = Uy, WO = Wy. (162)
Under such an additional condition, the isospectral
mapping becomes trivia and j(x, y) generates a com-
plete set of independent matrices commuting with Z.
This means that the problem of finding the spectrum of
Z is solvable. Therefore, cyclic boundary conditions
(162) are used for formulating exactly solvable models
of statistical mechanics on three-dimensional lattices. It
is noteworthy that the problem of the simultaneous

parametrization of (u,, wy) and (U, WS ) under peri-
odic boundary conditions are completely solvable

within the framework of algebraic geometry (as was
mentioned above).
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It is useful to comment upon the particular case
when the centers of Weyl algebra belong to a specific
submanifold such that

Uy = Uy, Wy = Wy (163)
for each R matrix. This condition is stronger than peri-
odic boundary condition (162) for the whole evolution-
ary mapping discussed above. There are three indepen-
dent equations in system (163) for an individua R
matrix. This manifold can be parametrized in terms of
the points p;, Py, P3, and pg:

Wy _ Yo Wi _  apXiys U _ 1

— = T, - ) - = (164)
W, Y3 U X3y1 Uz QX3
Ky = q”zi—j, 2= 072 Ky = qmzj—ﬁ- (165)

In particular, the finite-dimensional tetrahedron equa-
tion for N matrices, which is an immediate conse-
guence of Eq. (134), is defined on this submanifold, on
which the operator R is completely equivalent to the
similarity transformation by the R matrix [15, 16, 21].
Thefour R matrices entering into the tetrahedron equa-
tion have different arguments, and the famous tetrahe-
dral bound naturally originates as a consequence of
Egs. (164) for these R matrices. The tetrahedron equa-
tion is the integrability condition for the Zamolod-
chikov—Bazhanov—Baxter model, and the Zamolod-
chikov parametrization in terms of the dihedral angles
8,, 6,, and 65 of aspherical triangle is equivalent to the
equations

N 041 N te 2
" %anED’ v %O 2 (166)
N _ 047

There exists one more parametrization in terms of the
generatrices u;, w;, and K;, which is equivalent to that
described above. The parametrization is defined by pro-
jecting the spherical triangle onto a plane and has the
form

N (Y=Z)(Y' =2)

(Y=-2)(Y'-Z)
_ (X=2)(x'=2)
K2 = "X —2)(Xx=Z)’ (167)
N o (X =V)(X=Y)
B (X=)(X'=-Y)’
2004
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S0 that

Wy _ (X'=Y)(X=2)
w)  (X=Y)(X'=2)

W _ (Y=Z)(X=Y)
& (Y=2)(X=Yy (168)

u _ (Y'=2Z)(X=2)
u  (Y-2)(X-Z)

By virtue of the Mghbius invariance of cross ratios,
this parametrization with six complex-valued points
has only three independent parameters. One of the
advantages of the parametrization with cross ratios is
that the geometrical tetrahedral condition is always sat-
isfied in the case of the tetrahedron equation. Such a
parametrization with cross ratios was used above in
Eq. (89) for square nonuniform lattices.

In a more general approach, condition (163) is not
imposed separately on each R matrix. In this case, the
integrability is due to the principle of isospectral defor-
mations (161) and cyclic boundary conditions (162)
rather than to the tetrahedron equation (although it can
be derived).

5. QUANTUM TRANSFER MATRIX

In this section, we explicitly construct a finite-
dimensional representation of the operators 3, , 5 and
¥ entering into Egs. (135), (137), and (139). Thefinite-
dimensional representation of operator (139) isthe sta-
tistical sum for a cubic lattice under open boundary
conditions. In this case, the most complicated task isto

allow for the evolution of the numerical parameters u\')'

and wy, under sequential mappings .

5.1. General Position

To evaluate matrix elements of operator 3, 5 3
(139), one should evidently use Egs. (141), (146), and
(147) in sequence for all the operators N , 5 entering
into 31 5 3

Inthe notations of Eq. (139), the original parameters
of the local Weyl agebra for 3;,3 ae (Uy.n n,,
W1.n n,» Ki:n,n,) fOr the basic square lattice; for the
vertices on auxiliary lines, they are (U,. o n,s Wa. n, n,
Ks. n,, n3) and (U3 N, Ny W3 ng, Ny Ks. n,, nz)' Here! the
index j inthe notation V =(j : n,, n;) numbersthe “bun-
dles’ of theauxiliary latticefor theleft trianglein Fig. 7
and the indices n, and n, number a vertex in the corre-

sponding squarelattice, which are basic if j = 1 and two
auxiliary if j = 2, 3. Formulas (142) and (143) after

scrupulous comparison with the structure Z , 5 (139)
define a three-dimensional recursion on a cubic lattice:

N _ N AN N _ A-N_ N
Winse = Won\gn, Wanie, = NgnWyn,
N _ ,-N -N N _ A-N_ N
VV3,n+e3 - /\2,nu1,n1 ul,n+el - A2,nW3,n1 (169)
N _ A-N_N N _ N ;N
Uzn+e, = ApnUsn,  Ugnse, = Uz nApns
where
N _ -N N -N N N N -N
Al,n - u1,nu?,,n + ul,nwl,n + Kl,nwl,nuz,n’
KN N
N _ 1,n, —N N 3n,,—N__-N
/\Z,n - N u2,nW3,n+ N ul,n 2,n
K
2,n 2,n
(170)
KN KN N N
1,n™"3 n - —|
+ N 2nW2,n’
K2 n
N _ N _ -N N -N N -N N
/\3,n - Wl,nW3,n + u3,nW3,n + K3,nW2,nu3,n-
Here, the three-dimensional e vectors
N = (Ny, Ny, N3) = N8+ NyE, + Ny (171)

definethe vertices of the cubic lattice. Thek parameters
and theinitial conditionsfor thisrecursion are given by
therelations

ul, Ny, + N33 = ul:nz, Ny’
Wl,n2e2+n3e3 = Wl:nz,n31 Kl,n = Kl:nz,n31
UZ, n;e; +nse; = u2:nl, ny? (172)
W2,n1e1+n3e3 = W2:n1,n3! K2,n = 2:n4, N3
Ug n.e, +n,e, = u3:nl, n,s
W3 ne +ne, = Wain,n, Ksgn = Kz:n n,

The Nth root of expression (169) is defined by Eq.
(145), which takes the following form on the lattice:

Wl, n+ e1W2, n+e, = Wl, nWZ, n»

-1
u1, n +e1W3, n+e; —

(173)

4
Uy nWsa p,

Uz n+e,Usn+e, = Uz nUsp-

The action of the operator 3, , 5 On the parameters uC'

= uC‘ and WC‘ = WC' [see Eq. (140)],

N N -
81,2,3Uv = uy 81,2,3,
*ND

I N
31,2,3Wv = Wy 0123

is expressed in terms of recursion (169) and (170) as

(174)

* N _ N
Up. NNy — ul, Ny&; +nye, + Naey
* N _ N
Wy, Ny, Ny = YY1 Nje +nye, + ngeyr
PHYSICS OF PARTICLES AND NUCLElI  Vol. 35 No.5 2004
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*N _ N

Uz. n,ng = u2, n;e; + N,e, + nsez? (175)
* N —_ N

W5 n,ng = 2,n.€;+ Nye, + ngey?

* N _ N

Us. n,n, = u3, n;e; +n,e, + Nyey?
* N _ N

W3, n,n, = W3, n;e; +ny,e, + Nyez*

(&4, Oy, 03|21,2,3|0’f1 03,03 0= Z

07, 02, 03Ny, Ny, N

Here, we use the vectors of indices;

0, = {01, n2e2+n3e3} v 0 = {02, n1e1+n3e3} ’

(178)
03 = {03vnlel+nzez} y nj - 0, ey Nj_lv

* —
0; = { o-2, n;e; +Nye, + n3e3} ’

n=0,...,N,~1, (179

*
0; = { 0-1, N,e, +nye, + n3e3} '
* —
O3 = { O-3, n,e; +n,e, + Nsej '

where the summation is extended over al inner o
with 0 <n; <N,. Each matrix R,, entering into Eq. (1Ji7)
is a matrix function (150) of variables P n P2,

and p, . According to Egs. (152), (153), and (169)
they take the form

-1/2

_ g Uzn _ e Uznsg,
Xl,n - T T X2,n =q K2,n—’————;
KynUpn Ui n+e,
(180)
_ Al%n+e _ 1Kan Uy
X3,I"I - q ’ X4’r| - e
ul,n Kl,nul,n+e1
Yan _ Wi Yan _ w2 Wz
- Kl,n 1 - q 3,n ]
yl,n u3,n+e3 yl,n W.
(181)
Yan _ Won+e, VYan _ -12KgaUsnee,
Yo,n W3 n Y2.n Ky, nW1n+e,

In addition to the open system defined by recursion
(169) and (170) and to the case of complete cyclic
boundary conditions, partia cyclic boundary condi-
tions can be considered. Cyclic boundary conditions
imposed on the second and third bundles are an impor-
tant example:

W;: ny, Ny = W;. ny, ny?

* —
Uz n,ng = us. ny, Ny?

(182)

* — * -
u3:n1,n2 - u3:n1,n31 W3:n1,n2 - W3:n1,n3'

These boundary conditions imply the evaluation of the
trace, Z, =Trace, 3Z; , 3.

[, Z,|o% O= z [0,, 05,042, , 3|07, 05, 0501 (183)
0, 03
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According to Eqg. (158), one should introduce the nor-

* *

. u w
malized Weyl elements x¥ = u_:‘/ and z¥ = — and
Vv \%
then define the unique matrix Z, , 5
Zioa%y = X213 Zi1232v = ZyZy53 (176)

with the matrix elements determined by Eqg. (150):

a77)

In general, the periodicity of the first bundle does not
follow from periodic conditions (182). The operator Z,
acts only on thefirst bundle, where the auxiliary lattice
is a square one. This means that Z, satisfies relations
similar to Eg. (161) for the functiona j(x, y) on the
sguare lattice considered in Section 2.3.3 (with the evi-

dent change of the notations: u, , — Ui.n n,,

W n, 7> Wy.pnon,@d Ky oo = Ky ). Itis useful

to take the parameters u, ., ,, and w, ., , as argu-
mentsof j, i.e,

j(X, y) = j(X, yl{ul:nz,ns’ Wl:nz,ng} )

In this case, the matrix Z, defines the isospectral trans-
formation

le (X1 yl{ul:nz,n3v Wl:nz,ng})
= j(X, yl{u’l\_ n,, Ny’ WI: n,, n3} )Zl

If the variables u; , and w; , satisfy conditions (182)
and, in addition, are perlodlc in the first direction, then
relation (185) reduces to Zij(x y) =j(x y)Z,, i.e, the
operator-valued polynomials generated by j are inte-
gralsof motion for thefinite-dimensional Z;. It isworth
noting that the functionals j generating the integrals of
motion can be constructed in the same way in the aux-
iliary planes corresponding to the second and third bun-
dles. In this sense, the three-dimensional invariance of
our approach actually takes place.

(184)

(185)

5.2. Soliton Solution

Recursion (169) and (170) under initial conditions
(172) is a system of the eguations of motion for the
classical integrable model on the cubic lattice. As was
mentioned above, this system can be solved completely
within the framework of algebraic geometry (see [3,
11]). Equations (180) and (181) with the parametriza-

. N N N . . .

tion u; , w; ,,and K; , , written out in terms of ratios
of the © functions and prime forms in [11], explicitly
defines the parameters of al the R, matrices in
Eq. (177). In this case, periodic boundary conditions
(162) determine an algebraic curve, with the © func-
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tions defined on the Jacobian of this curve. For exam-
ple, under partial periodic boundary conditions (182),
the algebraic curve is defined by the equation J(xN, yN) =
0, where J is the determinant of the C-number matrix
of coefficients for the square lattice of the first bundle
[see Eq. (71) et seq.]. However, since expressions of
algebraic geometry are not very suitable in practice, we
consider only the limiting case when the spectral curve
degenerates into a sphere with distinguished points. In

this case, the parametrization (u,—'\'I o wj“"n ) istreated as
asoliton sector of solutions of the equations.

In order to parameterize R,,, we need to evaluate the
quantities (U n, Wi n, K; ) rather than their Nth powers;
hence, we will use the Nth roots of the rational expres-
sions. Let complex numbers X, , X, , Y, Yo, Z, ,

and Z,, bepointsin general position of an Ny x N, x N
cubic lattice, with the roots
e(X, Y): e(X, V)" = X=Y (186)

chosen for different pairs of these numbers. We intro-
duce [see Eq. (167)]

128(Yn, Zn)e(Yn, Zs)

K = f
b (Y, Z,)e(X, Z;,)
K 1I2e( ani Zns) e(x;w 2;13) (187)
e(X;, Z,)e(Xn Z1)"
_ llze(x;w Ynz)e(xnlv Y‘nz)
K3, n —

e(Xn, Yo)e(X, Yn)
The substitution
e(Y:"IZ’ Z;13) T2’ n

u — 2
1,n 3, n3E(Y;-|2, Zns)TZv n+ es,
W _ e(Ynzv Zn3)T3, n+e,
IL,n — T82n ' '
2e(Ynzv Zn3) T3 n
u . (X, Zn) Ty,
2n — 3, )
" n3e( an, Zn3)T1, n+e; (188)
W. _ e(x:ﬁl’ Zn3) T3‘ n
2 . nle( anv Zn3)T3,n+e1,
u _ -1/2 e( anl Ynz)Tl, n+e,
3,n 2, nze(xnll Ylnz) le R )
W, = - e(Xn, Yn,) Ty,

(X, Vo) Tanve,
is a change of variables in equations of mation (169)
and (170) such that T?n are Lagrangian coordinates.

PHYSICS OF PARTICLES AND NUCLEI

We solve the Lagrange equationsin terms of the Casor-
atti determinant, namely, the function HO of the g-
dimensional vector (fo, fy, ..., fy_;) with the parameters

(Po, Py, ..., Py_y):
det|P| 1 ,PI]} .
HOW 130 Wiz (g
[P-P)
i>]
Let
o (X) & Pi=X (190)
P,—X

Equations (169) and (170) have the local solution

k(n) D o0

_ g
(an)D D

E]]f

—~
N
=]

|

(191)

l(n)ow(Z, )D 0

[
H(g)
B oo, [

AN

where
k(X Ok(Y )D
'n(n) = DH rxes )an oY,
0o (20
quoo-k(zj:)D.

(192)

The expression for )\2' isto be used below in Egs. (193)
for y; . The arguments of the functions in Egs. (191)
contain an arbitrary g-dimensional complex vector (f,,
fy, ..., fy_1). Expressions (191) represent a local solu-
tion of Egs. (169) and (170) for arbitrary parameters,
including the number g of soliton modes. From the
point of view of algebraic geometry, the vector

{fg E;t is an exponential function of an arbitrary
point of the Jacobian for the spectral curve of the gth
kind, while the function H® is a specific limit of the ©
function for the algebraic curve degenerating into a
sphere. The solution of Egs. (169) in terms of algebraic
geometry was written in [3, 11], and the reduction is
described in detail in [12].
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The substitution of (191) into Egs. (180) and (181)
yields

—1e(xnla Z;13)e(Yn21 Zn3)T1, nT2, n+e;

X 1 1
Ln e(Xn, Zn)e(Yn, Zn) Ten+e,T2n
y = e(xnl’ Ynz)e(zn3’ Z;13) )\nTS,n
T e(Xay Zo)e(Yn, Z0) TunveT2n’
X —le(ani 2;13) e(Y;12’ Zn3)T1, n+ ezTZ, n+e +e;
2,n

e( ana Zn3) e(Yn21 ZIn3)T1, n+e,+ e3T2, n+ el’

e( X;Hl YI"IZ) e(Zn3v Z;13) )\nT3, n+e +e,

B e( X;.,l, Zns) e(Y;jz, 2;13)T1, n+e,+ e3T2, n+ el,
(193)

y2, n

—1e( an! 2;13) e(Y‘nzf ZnS)Tl, n+ eZTZ, n+e;
e( anl Zn3) e(Y‘nzv Z;13)T1, n+e,+ e3T2, n ,

X3,n -

_ Cle( ana Y;12) e(Zn3, Z|n3) )\nTS, n+e,
e(an, Zns) e(Y;z, 2;13)T1, n+e2+e3T2, n

y3, n

—1e( X;w Z;13)e(Yn21 Zns) Tl, nTZ, n+e +e;
e( X;w Zn3)e(Yn21 2;13) Tin+ esTZ, n+ el’

Xan =

Vo = e(Xi, Yo )e(Zn, Zh) AnTanae,
e e( X‘nl’ Zn3) e(Ynz, 2;13).[1, n+ e3T2, n+ el.

In particular, if al f, =0, thenT; , = 1. In this case, the
parametrization of each R,, matrix is equivalent to Egs.
(167) and (168), so that Egs. (193) describe the
Zamol odchikov—Bazhanov—Baxter model in the vertex
formulation and the solution of the whole linear prob-
lem is given by formulas (89)—91).

Finally, periodic boundary conditions (182),
expressed in terms of arguments of T functions, reduce
to the relations

"(nl) 1 1 1
[0, 0,, 04T |0y, 05, 050= Z |_| (1. 1,0y O2:

04, 0y 03Ny, Ny, Ny

where the matrix elementsof T ) are evaluated for the
sets

01={01.n,n}

n, =0,...

0,={05.0n}» 03={03.n.d,
N,—1, ng=0, .. N;—1, (198)
o-ll:{o-'l:nz,n}1 0-'2:{0-2:N2,n}a O-j?,z{O-B:nz,NJ!
n,=0..Ny,—1, ny=0,..Ny;—1 (19)
The summation is over al “inner” 0,., s O3.n,n,

with0<n, <N, and 0 < ng < N;. Thelayer—ayer trans-

PHYSICS OF PARTICLES AND NUCLEI  Vol. 35

No. 5

I (n+ N,&,) = I (n+Nsze;) = I (n). (194)

Therefore, each pair (P,, P,) should satisfy the equa-
tions

Vlpoy NPy,
Hop_y; - HOP—YH’
n,= 2 n,= 2
N;—1 ' Ny—1 (195)
“P-z, L P-Z,
P-Z, [] P-Z,’
ng=0 3 ng=0 s

The number of nonequivalent solutions of system (195)
isequal to

g = (N;—-1)(N;-1).

The equivalence meansthat, if apair (P, P'") isasolution
of Egs. (195), thenthepair (P', P) isthe equivalent solu-
tion. Therefore, although the T functions with an arbi-
trary number of solitons and with arbitrary parameters
Py, ..., Pg_y and Py, ..., Py_; describe the solutions
locally, the periodic boundary conditions (i.e., finite
volume) impose certain restrictions on the maximum
number g of soliton modes and on values of the param-
eters Py, ..., Py_;. The quantity g in general position
meansthe kind of classical spectra curve J(xN, yN) = 0.

(196)

5.3. T Matrix

It is evident that operator (183) is a matrix product
of simpler objects which are associated with the n, lay-
ersin this expression for Z; and referred to as alayer—
layer transfer matrix. By analogy with two-dimensional
models, we can define the following monodromy
matrix: for afixed n,,

ny, Ny? O3. n,, n3| Rnlolz ny, Ny 0. n,+1,ny O3 Ny, n3+1D (197)

fer matrix isthe trace of the monodromy matrix. Under
periodic boundary conditions (182),

©JT™010= S ©,,0,,04T "0}, 0,050 (200
0, 03

where the summation is over adl 0, = {0,.q,, =

O2.n,n,} @d03={03., o = 03., \,}- Becausethe

problem has periodic properties, we will aways
assume that

n, O ZNZ’

n{d Zy,. (201)
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Equation (183) can be written out in terms of T™
matrices as

Z, = (202)

M T™,

ng=0tN;-1

Inadditionto T matrix (200), we define adegenerate
T matrix

6T (a, B)[0;0

= Z (64, O, O F™ lo}, 0,, 0,0 (203)
0-2 : Zn30'2 : n3 = _B

03:2,05., =0
3 n23.n3

such that

T = $T™(@,p). (204)
o B

We now consider relations similar to Egs. (161) and

(185) for each T™ matrix. For the square lattice, the
functiona j(x, y) in the first bundle depends on initial

values (U;.n n, Wi n ), Withn, O Zy, and ng O
Zy, . Thisis seen from formula (185). Adding dynam-
ics by using Eq. (188), we can naturally define

™00 y) = 06 YU e ),

withn, given, n, 0 Zy ,ng O Zy, .

(205)

It is evident that j(x, y) = jO(x, y) at the initial
moment and the final value of functional (185) is (X,

YRUE . o ns W i 3) =502 (x, y). By definition, al

j ae (x, y) are equivalent and

. (ny) (ny). (ny+1)

(ny)
T T =T (X% ).
It isassumed that x and y are free parameters.
We now comment on the meaning of the index n;,

(206)

transition n; — n, + 1, and parameters of T™ matrix
entering into Eg. (206). According to parametrization
(188), u; , and w, , are ratios of the functions 1, ,, and
T3  for the same n;. For a given ny, formula (192) can
be rewritten as

fil(n) = fi(ny)l(ny ng), (207)
where

O o (Y )00 0 (Z))0

li(nz ng) = SDOGK(YJJEHDOW(ZQ%

(208)

PHYSICS OF PARTICLES AND NUCLEI

e 0(X))
J1

the level ny. In the next level, n; — n, + 1. The corre-
sponding shift of all the amplitudes,

O-k(x;h)
O-k( an) ,

is parametrized by the pair (X, , X, ). Infact, this pair

is scaled amplitudes in

f(ng+1) = f (ny)

(209)

is an efficient argument of the T™ matrix, although it
is rather difficult to perceive this in parametrization
(193).

In the case when the soliton modes are not present,
f = 0 in Eq. (192), which means that 1; , = 1, and

1™ (x, v) = j(x y) On,. As a result, Eq. (206) trans-
forms into commutation equation for j and T(nl).
Therefore, al T™ commute. In this particular case,

T(nl) isthetransfer matrix of the nonuniform Zamol od-
chikov—Bazhanov—Baxter model.

5.4. Quantum Béacklund Transfor mation

It is remarkable that the spectrum of the commuta-
tive operators j(X, y) is independent of f, i.e., any

j ") (x, y) isisospectral toj(x, y) withT; , = 1. Inorder to
prove this statement, we now consider alimiting case of
the amplitudesf,and X,, , X, enteringinto Eq. (191).

Let N; =g = (N, —1)(N;— 1), so that the numbering
of k and n; can be identified. We then renormalize the
amplitude f,,

f = Fro(Xy),
and consider the limit
Xk — P;(v

(210)
where f, isarbitrary. (211)
Inthislimit, o,(X,) — 0. For an n, given, the arguments
of the functions TQ , and T;j n» Up to regular functions
oY) and 0,(2), are
n-1 \
o (X))
o (X;)

fil(n) = flou(Xy) l(nz ng),  (212)

j=0
where 1,(n,, ny) is given by formula (208). In limit
(212), f 1 (n) = 0for al k= n,. According to Egs. (191)
and (192), the number of nonzero amplitudes f, I (n) in
the set (1, ,, T3 ) is equal to ny. This number will be
referred to as the number of solitons in the set (uy |,
wy ). In the particular case when n; = 0, parametriza-
tion (188) for u, , and w, , coincides with parametriza-
Vvol. 35
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tion (89),i.e.,jO(x,y) =j(x, y). Inlimit (211), the argu-
ments of the function t, ,,

I (ny, ng), (213)

I (n) 0k(xk) Uk( 1)
"G = ek [1a.06)

involve n; + 1 nonzero soliton modes. When k = ny, Eq.
(213) does not degenerate. In the particular case where
n, =0, whent, , =13 , = 1, wereadily derive the equa-
tion

=1- fol_l P,— llk(nzv n) (214)

jz0

from definition (189). According to [23], thisis a one-
soliton wave.

The T™ matrix in Eq. (206) defines a relation of
n,-soliton solutions to (n; + 1)-soliton solutions; there-

fore, the T(nl) matrix is associated with the soliton pro-
duction and represents the Backlund transformation. In
this case, the state (uy ,, Wy ,,) with n; = g is parame-
trized by the complete set of soliton amplitudes. The
corresponding product of T matrices,

K = T,
k=01g-1
is the production operator for a general soliton state.

When constructing the operator K, we use an arbi-
trary ordering of the set (P,, Py ); therefore, the final g-

soliton solution is independent of the ordering. The
number of the orderingsisg!; i.e., there exist g! factor-
ization variants of the product in Eq. (215). In al the
variants, theinner T operators are different. Therefore,
in the soliton sector, the permutation relations for the
noncommutative T operators are rather intricate and
alow for the distribution in time of soliton production
events.

(215)

5.5. Degenerate T Matrix and Auxiliary Linear
Problem

We now consider the relation between the T matrix
and the auxiliary linear problem.

The degenerate ™ matrix is given by formula
(203). Substituting Eq. (150) into formula (203), we
remove the delta symbol by the change of variables

O3. Ny, N = an—l, n3_Zn2—1, ng+1»

(216)

O3 Ny, Ny = an, n3_Zn2—1, ng

Because formulas (216) are difference equations, we
should fix (g ¢ = 0. By definition, the periodic condi-
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tions have the form
Cn,n, + @, Cnyn, B (217)

Using substitution (216), we write the matrix elements

Zn2+N2,n3 = an,n3+N3 =

T™ (a, B) inthe form
(nl) 1
6T "(a,B)loy0
(218)

(ny+1)

= S o™ QW™ Qoo
¢

Here, periodic conditions (217) and the condition { ¢ =
0 must be taken into account and

O:n.n(Zn—‘nﬁ- _Zn‘nﬁ-)
l])_]J(p.(nl)(Z)Dzl—lqlza p~Ling+lbnyng+l

Ny, Ny
0. n,, n3)
Wp3vn(zn2, ng an, ng+17— Oy n,, n3)

Wplvn(an—l, n3_Zn2—l, ng+1—

(219)
(n1 1) (Z”

(@Io0= [

Ny, Ng

+1 Zn -1, n3+1)

szvn(znz, ng an, ng+17— Oy n,, n3)

WpM(an—l, ng an—l, ng+17 O-;L Ny, n3) .
The auxiliary linear problem can be solved in terms of
the vectors |¢™ (Q)Cand Te™ ™ (2] in the form

1/2
L )|

+ mnz—l, n3W:L,n+e1 + mnz—l, n3+lK1,nu1,n+eIWl,n+e1)v

(ny +1)

0=10[0

where
l-’Il,n+el = ul,n+elxl:n2, nys (221)
Wl,n+e1 = Wl,n+elzl:n2,n31
Ianz—l, n, = mnz—l, na(xnl) (222)
n,—1 nz—1
an—l,n3 ’_ e(an Y]z) ° 1 e(an ZJ3)

o " Jl_loEZ J2e(xn Y] ) |_| ES Jse(xn v Zj )

To derive Eg. (220), one should evaluate a matrix ele-
ment of Eq. (220), use definition (58) and properties of
the function W given by Eqg. (149), and substitute
Egs. (188) and (193).

Equation (220) is representation (67) for auxiliary
linear problem (63). The eigenvalues of the operators
Mg, for § = (0, 0) are determined by Eq. (222) [see
Eqg. (66)]. Note that the spectral parameters entering

ng+

into the determinant of J arespecial, andtheir Nth
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powers are on a curve. In such a situation, it is conve-
nient to introduce the notation

(xy) = j(X|a,B) e, )
X, y) = a,pB) = X = N

i y) = i(X] =q |‘| X V)

(223)

Equations (222) and (223) correspond to Egs. (90) and

(91), respectively. Since Ettp(nl l)| is a solution of the
linear problem, then, according to Eq. (55),

@ g™,

where the arguments of the operator j are determined
from cyclic properties (222) and definition (223).

(Q)xakestheform:

(n1+1)

a,B) =0 00, (224

Similarly, the equation for @™

12
(Mn 0y ¥ My 10 Ug g My _g 0 QWY g
o (225)
+mnz—l,n3+1qu,nul,nW1,n) E](pl ' (Z)D: 01
where
Upn = Uy nXiinngy Win = WinZygn, (226)
My, _1n, = My,_q, n3(an) (227)
n,—1 n3 1

B e(Xn, 1 e(X,,Z;)
B Tan |_| &2 JZe(xn , Y ) |_| | €3,7,8(Xnys Z,)

an 1, n3

Relation (225) describes a dua Ilnear problem, so that
all the results obtained above remain valid. Equation
(225) differs from the conventional auxiliary problem

by the transformation z, ., ,,, > 4Z; ., n,- HeNce, the
determinant of system (225) is given by the equation
|( 1) ( 1) -
i™xy) = Ui oy
where [see Eq. (39)]

(228)

for the degenerate T matrix follow from Egs. (224) and
(230). This relation will be analyzed below.

5.6. Spectral Decomposition
Let t\(,:ll3 be commutative operators in the expan-

sionof j™ (x, y) [see Eqs. (38) and (41)]:

(nl)

) - Z z tv2v3( WO) (yUO)

v, =0v3=0
N-1 N-1 ) (232)
n
=3 Y tmm (Y)W (yUg) ™
m,=0m;=0
Here, the operators
(233)

Up = |_|X1:0,n3’ W, = |_|Zl:n2,01
N3 Ny

are assumed, without loss generality, to beanormalized
noncommutative pair.

We choose a complete set of the eigenvectors

W Das

(n ) M ) (n )
v21v3|l'pt y1 |Lpt y1 Vy, V3!

() 5 g™
WolWiy 0= Wiy G,

(234)

where the eigenvalues t,, . of the operators ti:f)vs are

independent of n, (isospectrality) and the operator W,
inthe pair (Uy, W) istaken to be diagonal. The index t
of the eigenvectors stands for the set of N,N; — 1 inde-

pendent operators t,_,_, and because of the normaliz-
ing condition W(')“ =1, theindex y O Z. The dual vec-
tor El—'t(,nyl)| is defined by the orthogonality condition

(ng)y ¢ 1,(N1)
W w 0= 8, .3, . (235)

In the eigenvector basis, the operator U, is defined as

U= 11X (229) () ™) (ny) (ny
H UglW,y 0= [W(y100 W, U = 5, (236)
Taking Egs. (217), (223), and (227) into account, we - (n1) .
arrive at the equation and the operator | ™ (X, y) can be expanded:
(nl) (n1) 1 . 1
(Xe, |0, B) g™ (@) 0= 0 230 My = T W TG, 0l @8
similar to Eq. (224). The two equations oy
o o) where, according to Eq. (232),
(M Ny
7 (X |0, BT (@, B) ) N-1 . )
. i (X, = dvem vy to(Q'%y"), (238
_ T(nl)(a,B)j(nl 1)(X'nl|0‘a[3) - 0 (J( y))y,y mzzo vimyY (A XY ), (238)
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N-1

(Y = 3 Xt m (YY)

m;=0

(239)

In turn, permutation relation (206) implies that

(n +1)

(ny) (ny)
T = ZNJW 0Ty, 1, (240)
Ly

where T, is independent of y because both U, and W,

commute with T

As follows from the definition of the degenerate
matrix T (a, B),
(ny)
T "(a,B)Uq
T, )W, = WoT ™ (0, B +1).
Theserelationsare similar to Eq. (42), provided that the
pair (x, y) isrelated to (a, B) by Eq. (223). The follow-
ing assumption, more restrictive than Eqg. (206), is
based on our analytical calculations performed for N,,
N,=2,3,4,5:
(ny) (ny) (ny) (ny+1)

ty,v, T (0, B) =T “(a,B)ty,, -
It follows from Egs. (242) and (241) that

(ny)
(a,B)
() () B =) gt D) (243)
= 3 W T (a=y a -y T,
Ly y
and, in particular,

(ny)
UpyT “(a+1,pB), (241)

(242)

T

T(nl)(a) — ZT(nl)(G, B)
’ (244)

(ny +1)

(ny) —(ny)
= ZNJt,y 0, "(a-y)W,, 1.
ty

5.7. Baxter Equation

Let us define the analytical Baxter eguation as an
equation for azero eigenvector Q, ,, or for acoeigenvec-

tor Q,, of the matrix (j.(x, y)),,y given by Eq. (238):

z (J t(X’ y))y y‘Qt, Y
3 (245)

= 3 Q) y = 0
Y

If (xN, yN) isin general position of the classical spectral
curve J(xN, yN) = 0, then both equations (245) have a
unique, up to acommon normalizing factor, solution.
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Let us explan why Egs. (247) can actualy be
referred to as Baxter equations. Substituting Eq. (238)
into Eq. (245), we conclude that the zero eigenvectors

Qy = Qa'xy), Qi = Qua'xy)  (246)

are meromorphic functions on a quantum curve I'? =
(%, y) : I(xN, yN) = 0. In this case, Egs. (245) reduce to
the functional equations

N-1

T V6 Y)QUA™X ) = 0,
"=t (247)

N-1

Y Q@ XY o (@ YY) =0,

m,=0

Naturally, Q, and Q, are defined up to a normalizing

factor N(xN, y). When N, = 2 (and N > 2), the sums over
Vv, in Eq. (38) and over m, in all the preceding formulas
have just three terms with m, = 0, 1, 2. In this case, t,
and t, in Eq. (247) aretrivia [similar to Eq. (40)], t; is
equivalent to the transfer matrix for the Potts chiral
model, and Egs. (247) coincide with Baxter (t — Q)
equations.

However, the quantities Q and Q' taken as meromor-
phic functions are not convenient for our consideration.
We parameterize the pairs (X, y) by the triples (X|a, B)
[see Eq. (223)] and define Q, (X) and Q, , (X) as solu-
tions of Eq. (245) for the pairs (X, y) corresponding to
the triples (X|0, 0). Then, for arbitrary a and (3,

S GeX10LB)),ya " Quy—a(X)
v (248)

= 5 Q-8 ((X|a. B)),.y = O.
Y

Equations (231) represent two Baxter equations, writ-
ten in the operator form, for the two equivalent opera-

n;) L(ng+1

tors j( and j ! Therefore, the matrix elements
entering into in Eq. (243) take the form?®

Qt, y- a(xnl)Q;, y'—a(x;11)
N,

where the coefficient N, is a normalizing factor. Unfor-
tunately, no method of evaluating N, is known for any
scheme of calculating the coefficients Q. We imply at
|east the two evident schemes: the cal culation of Q con-
sidered as a meromorphic function and the ssmple cal-
culation of Q taken as a vector of algebraic comple-

(nl) 1
T, (a-y,a-y) = , (249)

8 _ () (ng) .
We take N, = OmodN, so that j =] in Eq. (231); other-

wise, expansion (243) and (249) would be vaid for
N
U™ (@, p).
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ments of the matrix (j),,y. In both schemes, the factor
N, turns out to depend on the eigenstate sector. This dif-
ficulty, namely, the significant difference between the
spectrum of the Q operator and solutions of the analyt-
ical Baxter equation, has been known in the chiral Potts
model.

5.8. Hypothesis on Quantum Separation of Variables

As was noted above in Section 5.4, the states u, ,,
and wy , parametrized by soliton T functions (191) are
isospectral to the simple inhomogeneous Zamolod-
chikov—Bazhanov—Baxter model (i.e., to the case of
unit T, , and 13 ,). The operator K given by Eq. (215)
implements the similarity transformation between the
initial “empty” state and the final state with g = (N, —
1)(N; — 1) solitons.

The hypothesis on quantum separation of variables
is based on the possibility of choosing C°-number
parameters such that eigenstates of thefinal operator j©
have the simplest structure.

We define the operator K(& , E),
K (@, 6)

(0) (1) (9-1) (250)
= T7(06, Bo)T 7 (0y, By) ... T (0g-1, Bg-1),

9
whereK (3 , B) isconstructed in much the sameway as
operator (215), i.e., with agiven ordering of (P,, P,) in
limit (211). Asin the case of operator (215), the opera-

9
tor K(a , B) definestherelation, Eq. (242), of the zero-
soliton solution to the g-soliton solution. However, in

addition to limit (211) in the definition of K(&) , E), we
now regquire that

f[(Hl_I

jzk

P.—P,
PP,

(251)

9
Aswas noted in Section 5.4, both K and K(a) , B) are
independent of the ordering of (P, Py).

We then consider the first operator T@(a,, By) in
product (250) and the auxiliary linear problem associ-
ated with it [see Egs. (218) and (225)]. For n, = 0, the
eigenvalues of the operator m,, _; , (Xo = Po|0to, Bo)
are given by Eq. (227) and the function T, , is defined
by Eq. (214). The argument of the operator m is param-
etrization (223) for apoint (x, y) of aquantum curve. It
follows from Eq. (251) that m 4 = 0, i.e., in terms of
operators,

m_y, o(P5| 0o, Bo) T (016, Bo) = O. (252)
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By virtue of the natural invariance of the operator K (3 :

9
B) with respect to the ordering of (P,, P,), we can
write the following relation, which is more restrictive

than Eq. (252):
, >
m_y o Pkl ai BK (G, B) = 0 Ok.  (253)
Thisformulaisrelated with classical separation of vari-
ables. If m,!\i,na is aclassical Baker—Akhiezer function,

then Eq. (253) means that the equation mf‘l,o P =0
has g solutions P = P, on the classical curve. For a

9
guantum curve, the operator K(& , B) is a projector
onto the state on which al m_; o(Py|ay, B have non-
zero eigenval ues.

The overwhelming majority of the operators K(a ,

9
[3) are zero identically because operator (250) satisfies

9
al equations j(Pi|ay, BIK(d, B) = 0 in addition to
Eqg. (253).
9
The structure of K(a) , B) can be improved in the

following way. Let V' (a, B) be a subspace of the state
space such that

[P0V (a, B) = j(Py|a,B)

: (254)
= m—l,O(Pk|a1 B)I(DD: O!

and let V' (a) = mBVk(a, B). It is evident that
dim¥'(a, B) = N2-2, where A = N,N;, and dim¥/ (o) =
NA-L1FV(d) = (1920 (a) , thendim¥' (&) = NA-
9. We denote vectors from °V(a) by |®, .0 wheret'is

aset of eigenvalues of A —g = N, + N3 — loperators.

We now formulate a hypothesis on quantum separa-
tion of variables.

Assumption 1. Elements of the set t' are eigenval-
ues of the operator W, and uglunz.
Assumption 2. The operator

K@) = TK@EB) (255)
B
can be expanded as
K@) = Y b, T (256)

-
The first assumption is based on the fact that each
T®(a,) and, therefore, each K (d) commutes with all
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W, and U(}lUnz. In the second assumption, it is

important that |&,.C0is independent of a.

The proof of the second assumption isavery labori-
ous task and it remains unsolved so far. The reason is
that limiting case (251) implies the presence of the 0/0
ambiguities in parametrization (193); hence, there are
some degrees of freedom in the definition of [§,|.
Expansion (256) has been analyzed in detail only for
the quantum relativistic Toda chain at the root of unity
[12]. Our next task for the future is to find an exact
parametrization of the ambiguities in Eg. (193) and to
evaluate [, for the Zamol odchikov—Bazhanov—Baxter
model.

On the other hand, the operator K (3 ) must have the
standard expansion

-1
[l
2 3
K(@) = Zm,yﬁj T @Yo
ty =

=0

(257)

following from Eq. (244). Theindex y belongsto the set
t'. Comparing Egs. (256) and (257), we conclude that

)] =&, (258)
i.e., limit (251) for finite eigenvectors BPf,ggl implies
their collineation with respect to t\t'. This collineation
is not defined uniquely because the 0/0 ambiguities

must be determined. However, for quantum separation
of variables, we arrive at Sklyanin’s formula[24, 25]

g-1
Kk
[®g 0=y W, ] T ()
=0

tt' k

(259)

6. CONCLUSIONS

In conclusion, we list some problems that have not
been solved to date.

The formulation of 2 + 1-dimensional models
encounters a series of difficulties. Within the frame-
work of the local Weyl algebra as an algebra of observ-
ables, ansatz (14) and principle (130) turn out to be effi-
cient tools for constructing exactly solvable three-
dimensional models generalizing the Zamol odchikov—
Bazhanov—Baxter model in vertex formulation. How-
ever, awider class of auxiliary linear problems might
exist, among them, those with a nonlocal algebra of
variables.

The simplest remark concerning this point isthat the
parameters k., being invariantsin representation (130),
could be defined as dynamical parameters, i.e., map-

ping (131) would contain one more row with k7, ...,

K3, and Eq. (132) would take a different form, but

Eq. (134) would bevalid asbefore. In this case, the evo-
lution of K; ,, on the whole lattice, coinciding with that
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given in [19], would be described by the four-term
Hirota—Miwaequation [26], for which no quantum ana-
logueisknown. In such a case, the lattice model issim-
ilar to amodel of parafermionsu; , and w; , interacting
with the classical gravitation described by K; .

Most of the problems concerning the Zamolod-
chikov—Bazhanov-Baxter model have not been solved
conclusively to date. As was noted, one of the basic
problemsisto find spectraof quantum transfer matrices
(249) with normalizing factors depending on the sector
t. However, the quantity Q when evaluated by formula
(249) as a vector of algebraic complements to (j;),,y
[e.g., inrepresentation (85) and in thermodynamic limit
(105) and (111)] iscloseto the correct expression found
in [14]. The quantities (3, in parametrization (106) are
just linear Baxter excesses. Inthis case, the normalizing
factor isan exponent of logarithms of sines of the linear
excesses, while Eq. (111) contains al dilogarithms
needed.

Of course, the assumption on quantum separation of
variables in the Zamolodchikov—Bazhanov—-Baxter
model has not been proved yet. Itisnecessary to explic-
itly find a method of resolving uncertainties in the

parametrization of the operator K (6() ) and then evaluate
('] within the framework of this method. This task
involves the technique of the expansion of function
(189) in the neighborhoods of its zeros.

Then, infinite-dimensional representations of an
algebra of observables should also be mentioned. The
scheme presented in this paper can be dualized modu-
larly, provided that g = exp(iTtT) and T = exp2(i6), so all
the operators become unitary. For appropriate auxiliary
|attices and evolutionary mappings, our scheme can be
applied to the quantum Liouville model [29] and its
various generalizations (e.g., two interacting Liouville
fields), aswell asto strongly coupled the quantum rel-
aivistic Toda chain [28]. The auxiliary lattice corre-
sponding to the Toda chain was mentioned abovein the
examples. Thus, for an arbitrary evolutionary lattice,
we could speak on a new three-dimensional quantum
field theory.

In our opinion, asimple, but very important, conclu-
sion is that al the commutative operators t,, , for a
finite-dimensional algebra of observables with N = 2
are Hermitian. This indicates that the evolutionary
models have a physical sense. Moreover, in the case of
a nondegenerate classical spectral curve of a nonzero
kind, the brief analysis of the thermodynamic limit pre-
sented above suggests that these model s have a nontriv-
ial phase structure. (Recall that the Zamolodchikov—
Bazhanov—Baxter is critical unless one of the lattice
dimensionsis finite; this case is equivalent to the gen-
eralized chiral Potts model.)

In this paper, we dealt only with classical spectra
curves of the first kind. We need not have used the cor-
responding parametrization of quantum T matrices or
statistical sum Z, although such a parametrization takes
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a simple form in the notations introduced above.
Namely, one should set in Egs. (186)—(188), (191), and

(193) &(X, V)N = 03X =), 11, = 6y(f = Xy, + 1(n),
Ton =0,(f= Y, +1(n), 13, =6,(f—Z, +1(n)), and
Ay = 0y(f+ Z, — X, = Y, + 1(n)), where I(n) =

n,—-1 n,—-1 n;—1

Jll‘O 1 X]1+ZZ_O I2 YJ2+23—0 ia = Zi
and 0.(2 = 0.(z, =

w iTT(n + 1/2)° + 2in(z + 1/2) (n + 1/2 . .
gn e (ned2y w2z V012 - gyrictly speaklng,
this parametrization refers to the case when the classi-
cal spectral curve degenerates into a curve of the first
kind without singularities. However, this parametriza-
tion becomes completeif the statistical sum Zisdefined

on a sublattice with a period of two: Xﬁl = X, mod2 »

Y,’i = Y:Zmodz, 2:3 = Z,imodz , and, without loss of gen-
erality, Xo =Xo+ X; =X, =Yg =Yoo+ Y; =Y, = Z —

Zy+ Z; —Z, =Tt Thisis precisely the parametrization
that corresponds to the checkerboard lattice considered
in Section 3.4.2, while the simplified checkerboard lat-
tice requires that additional restrictions X; = X + 102,
etc., be imposed.

The statistical model complying with a simplified
elliptic parametrization wasfirst proposed in [30] asthe
simplest integrable model corresponding to the so-
called modified tetrahedron equation (if the vertex for-
mulation is taken as coinciding with the “IRC” formu-
lation). The vertex formulation of the modified tetrahe-
dron equation was considered in [31]. A universal
approach to the modified tetrahedron equation and to
the tetrahedron equation with complex weightswas for-
mulated in [32] and [13]. In this approach, invariants of
the tetrahedron equation are algebraic curves and spec-
tral arguments of the weights are meromorphic func-
tions on the curves. However, no one has attempted to
evaluate the statistical sum for these models on acubic
lattice (even for the Mangazeev—Stroganov model) or
study their spectra. In our opinion, such an analysisis
one of the important problems to be solved.
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