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ABSTRACT. A draft for a course of lectures delivered in first semester of 2006.

Purpose of the first part:
e Structure theory: classification of all possible simple (semi-simple) Lie finite dimen-
sional algebras
e Representation theory: for a given simple Lie algebra classify all its finite-
dimensional representations.
Our heroes:
e Niels Henrik Abel, 18021829 [Relation to Lie algebras: commutative algebra is called
the Abelian algebra. In this case it is not an algebra, it is an arithmetics].
e Marius Sophus Lie, 1842-1899
e Elie Joseph Cartan, 1869-1951
e Hermann Weyl, 1885-1955
Purpose of the second part:
e Modern development of Lie algebras: infinite algebras, quantum groups, etc.

This text is the subject of permanent improvement.

Experimental fact: an alive lecture equals to three full pages plus one paragraph on fourth

page.
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1. DEFINITIONS

1.1. Generic algebra.

Definition 1. Algebra U is a linear space over field F with given distributive bilinear compo-

sitton operation .

Comments. 2 is the linear space, i.e.

(1) Vz,ye®A and Va,bel ar +by €A .

Composition operation ¢ : 24 x A — 2

(2) Vao,ye oz, y) e A.

Distributivity condition:

B) Vayzed  o@y+z) =@y +el@z), o@+yz)=ez2)+ey,2)
Composition is bilinear:

(4) Vez,yec and VabelF v(ax,by) = abp(z,y) .

Field F: we will mostly use the fields R and C.

Definition 2. A subspace B of an algebra A is a subalgebra if it is closed under the compo-

sition (notation B C 2A).
Since the algebra is the linear space, one may define its basis:

(5) {zq €eAael} : Vzed x:ZCa:ca, (o €F.
acl

For a given basis, the algebra is defined by its structure constants cZé 5

(6) P(Tarzp) = Y gy
vel
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1.2. Associative algebra.
Definition 3. Algebra A is called associative if the composition operation is associative

(7) Va,y,zeA o, oy, 2) = ole(z,y),2)

The composition operation for the associative algebras is denoted (and usually called) as

multiplication
(8) o(x,y) = zy
Definition 4. gl(n,F) is the set of matrices of the size n x n with the entries in F.

Let V' be a vector space over field F, n = dimV. The set gl(n,F) is the set of linear
transformations (endomorphisms) of V', and therefore gl(n,F) is called sometimes End(V').

gl(n,F) is a linear space, the matrix product is associative, therefore

Statement 1. gl(n,F) with composition defined as the matriz multiplication is the associative

algebra.
1.3. Lie algebra.

Definition 5. An algebra with composition rule denoted by o(z,y) = [xy] satisfying

(9) [zyl = —lyxl,  [lzylz] + [[yz]a] + [[z2]y] = 0

18 called a Lie algebra.

The last relation in (9) is called the Jacobi identity. Composition [zy] is called the Lie

brackets. Sometimes it is convenient to write the comma, [z,y].
Statement 2. gl(n,[F) with brackets defined as the commutator,

(10) [zy] = ay — yax

1s the Lie algebra

To verify the statement, it is enough to check that commutator satisfies the Jacobi identity

9).
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Definition 6. The set of elements Z(A) ={ z | [2x] =0 VY x € A} is called the centre of
Lie algebra A

The Lie algebra gl(n,F) has a one-dimensional centre spanned by the unity matrix.

Statement 3. The space of smooth real functions of two real variables x and p is the Lie

algebra over R with the bracket

(1) fo) = 5 5 = o .

Actually, this bracket is called the Poisson bracket and denoted by {f, g}, and the algebra

is called Poisson-Lie algebra.

Definition 7. A linear transformation = : A +— A’ is an algebra homomorphism if it

preserves the operations which define the algebras.

Comments. 7 is the transformation, i.e.

(12) Veed rw(z)e.

7 is the linear transformation,

(13) Vez,yed and Va,belF m(azx + by) = an(x) + b (y) .
It preserves the structure:

(14) m(lz,y]) = [r(z), 7(y)] .

Definition 8. A representation of a Lie algebra U is a homomorphism m : A — B to an
algebra B C End(V') of the endomorphisms of some vector space V. If the map is one-to-one,

the representation is said to be faithful.
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2. ALGEBRA 0(3,R)

Lie algebras arise naturally as tangent spaces of Lie groups.

Definition 9. A set G is called a group if

e it is defined the product on G: g1g2 € G,V g1,920 € G
o there exists the unity element 1: gl =1g=9,V g€ G

e and any element has its inverse: YV g€ G I g 1 €G: gl =g lg=1

If G is in addition a smooth variety, it is called the Lie group.

The basic example is the group of rotations of Euclidean space R3. Let e, eq, e3 be the

orthogonal basis of R? (frame of reference) with the scalar products
(15) (ej,ex) = djk -

Any vector has the unique decomposition

(16) X = x1€1 + Toes + T3€3 .

Let €}, e}, e} be another orthogonal frame of reference of R3 obtained by a smooth turn of

/

the initial frame. According to (16), one may express e]

in the terms of e;:

! o . . ! o
(17) e = g u; ey, or, in matrix form, e =wu-e.
k=1,2,3

The group structure is the superposition of transformations: if basis €” is decomposed with
respect to €', €’ = uy - €, and €’ is decomposed with respect to e, € = u; - e, then e’ = u - e,
U= ug - uj.

The basic tool for the geometrical description of transformations is a rotation in two-
dimensional subspace. For the turn of the frame (e1,ez) by the angle 6 the Pythagoras

theorem reads
e

\

/
€5

; .
sin e e] = cosfle; + sinfe;y

e, = —sinfe; + cos fey

N
~ €]
cos 0
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In the matrix form

, cos@ sind oT
(18) €' =u(h)-e, u(f) = = e where T =
—sinf cos6 -1 0

Exponent of a matrix is defined by the series expansion
1 1
(19) et LIt A+ A A

and in the case of (18) the key relation is 72 = —1.
There exists a particular parameterization of the element w (17) of orthogonal three-
dimensional group in the terms of Euler angles' corresponding to a decomposition of u into

simple rotations (18):

1 0 0 cosf 0 sind cos¢p sing 0
(20) u= |0 cosyp siny |- 0 1 0 | —sing cos¢ 0
0 —siny cosvy —sinf 0 cosf 0 0 1

This matrix may be rewritten in exponential form,

(21) u = eVt . T2 . 9Ts
where
0 0 0 0 0 1 0 1 0
(22) Tih=10 0 1|, Th = 0o 00|, Taz=|-100
0 -1 0 -1 0 0 0 0 0

1We want to connect basis €’ and basis e of three dimensional Euclidean space. It may be done in three

steps:

(1) Suppose, the planes (eje2) L es and (ehe;) L e} do not coincide. Then there exists a turn around es
putting the image of es into the plane (e3e3). Denote the result of the turn as e e = g4 () - e.

(2) As the result, eél) 1 e, eél),eg), i.e. the last three vectors are complanar. Therefore, there exists a

turn around e(21) putting the image of e§1> to ). Denote the result as e®: e = uy(8) - eV,

(2)

(3) Now we have e} = e52> 1 egg),e3 ,e5,e5. Therefore there exists a turn putting the images of e<22>

and el”) exactly into e} and e}: € = uy (1)) - e®.

Therefore, € = u1 () - u2(0) - uz(¢) - e, exactly the decomposition of (20).
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Now let us test the exponential decomposition from the group point of view. Let two
elements of a group are given in the exponential form, g; = e and go = e®. Their product

oA . oB — oC(AB)

C(A,B) = A+ B+ 1A B+ 112<[[A,B],B] + [4, [A,BH) — 5

where

(23)

must be as well the element of the group. Expression for C(A, B) is a well defined infinite
series. Formula (23) is the identity known as the Baker-Campbell-Hausdorf identity?. The key
point is that all non-linear terms in the series (23) are the matrix commutators. Therefore,
e® belongs to the same class as e and e? if and only if A and B belong to a Lie algebra.

The elements T; (22) do form a linear space closed under the commutator operation:
(25) T, T2]=Ts, [13,T5)=T1, [T3,T]=T:.

Definition 10. The Lie algebra (25) is called o(3,R).

Sometimes it is convenient to insert the imaginary unity to the definition of 7 L; = Tj.

Since T} are skew-symmetric matrices, L; are hermitian ones. It follows from (25),
(26) [Ly, Lol =iLs, [Le,Ls|=1iLly, [Ls,L1]=1iLy.

At this point it is well to recollect a bit the classical and quantum mechanics. The rotational
symmetry in mechanics provides the conservation of angular momentum E,
(27) Ly = wops —x3p2, L2 = x3p1 —x1ps, Lz =xz1p2 —zop1
In quantum mechanics the coordinate and momentum are operators of the Heisenberg algebra
(28) [zj, k] = i6jk -

The components of the angular momentum become the operators as well. Their algebra is

given by (26).

2More famous BCH-identity is
X
(24) e’ . B-e* = B+  [AA,...[A4,B]...
ol 4B

n

n times
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3. CLASSIC LIE GROUPS AND ALGEBRAS
During this lecture, we itemize the classic Lie groups and their algebras.

3.1. Group SO(n) and algebra o(n;R). Consider the transformations of n-dimensional
Euclidean space e — € = u - e, see (17). The orthogonality condition (15) for the basis €' in

the matrix form reads u’u = 1, where T is the matrix transposition.

Definition 11. Set of n X n matrices with real entries satisfying

(29) w'u=1, det(u) =1

is called the group SO(n) (Special Orthogonal).

Let u; and ug satisfy (29). Then

(30) (uru2) T (uguy) = ululuju, =1, det(ujuy) = det(uy) det(uy) =1,

i.e. ujug satisfy (29) as well. The group unity element is the matrix unity, group inverse
element is the matrix inverse.
To find the corresponding Lie algebra, consider the neighborhood of the group unity (tan-

gent space),

(31) u = 1+2z+0(?).

Conditions for x follows from (54):

(32) el = —x.

Let x and y satisfy (32). Then

33)  [zy]" = (wy—y2)" = (2y)" — (y2)" =yT2" — 2Ty =y —ay = —[z,y].

We have verified that (32) is closed under the commutation.
Definition 12. Algebra of anti-symmetric n X n matrices with real entries is called o(n,R).

See (22) as the example of 0(3,R). Anti-symmetric matrices with complex entries give o(n, C).
n(n+1)
—

Therefore, the dimension of SO(n) as a variety equals to the dimension of o(n) as the linear

n(n—1)
space equals to — s

A n x n matrix has n? elements, the number of independent equations in (29) is
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3.2. Similarity isomorphisms. The similarity transformation

(34) z o o/ % §ps!

is the isomorphism of of a matrix algebra. Evidently,

(35) Slxy]S™! = SayS™! — SyzS™! = SxS7! SyS~t — SyST! SxSTt = [2/y],

therefore + — S2.5~! is the homomorphism. Since the transformation is invertible, z =
S~12/S, it is the isomorphism.

If S is an element of corresponding group, then S5~ = £ (this follows from (24)). In
this case the isomorphism is called automorphism.

For instance, consider an element of the algebra o(2¢, C),

(36) a b
Tr =
- d
where a, b, d are ¢ x ¢ matrices, in addition a’ = —a, d’’ = —d. One may see,
(37)
S:L 1 it L - sl - 1 a+d+ib+b") a—d—i(b—>b")
V21 i1 2\ a—d+i(b—bT) a+d—i(b+0b")

Analyzing the structure of the right hand side, we see that o(2¢, C) is isomorphic to the algebra

of block - matrices
(38) a = ) qg =—q, 1T =-T1.

Matrix S has the complex entries, therefore it is not the isomorphism of o(2n,R). It is said
that o(2n,R) and the real regime of (38) are the different real forms on o(2n,C).

Similarly, the algebra o(2¢ + 1, C) is isomorphic to the algebra of block-matrices

(39) —nT P q ) qT = —q, ro=-r,

where p, q,r are £ x £ matrices, m and n are 1 X £ row vectors.
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3.3. Group SO(n,m). Condition u”u = 1 has an evident generalization:
(40) ulgu = g,

for some matrix g. If ¢ is generic?, this equation has the only solution u = 1. Matrices u form
a parametric family if and only if the number of independent equations in (40) is less than

n?. It may happen if

(41) g'=9 o g =-g.

If g7 = g, one may always find the group similarity transformation
(42) u — SuS™!

making g diagonal. Without loss of generality, diagonal g is given by

(43) g = diag(1,1,...,1,—1,—-1,...,—1) .
—_——— ————
n times m times

Definition 13. Group of (n + m) x (n+ m) real matrices u satisfying
(44) ul'gu = g, det(u) =1,
where the signature of the metric g is given by (43), is called SO(n,m).

The Minkovsky space has the signature (+,—, —, —), its symmetry group is SO(1,3) — the
Lorentz group.

Corresponding algebra is defined by relations
(45) eTg+gr = 0.

As the complex algebra, it is isomorphic to o(n +m,C). As the real algebra, it an additional

real form on o(n +m,C). *

3’generic: relating to a whole group of similar things, rather than to any particular thing (Cambridge

dictionary)
4Exercise: find the similarity transformation
o 1 o 1
0 —i 0 1
(46) r=@ AL - @ A
i 0 10

This similarity transformation relates the algebra of SO(2) and the algebra of SO(1,1):

’

(47) SO(2) - w(®) = €7, SO(1,1) : wp@) = e’ .
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3.4. Group SP(2n) and algebra sp(2n). The alternative variant in (41) is g7 =

a matrix g is non-degenerative if its even-dimensional. Fix

(48) g = ,
where 1,, is the n X n matrix unity.

Definition 14. The group of 2n X 2n matrices u satisfying

(49) ul'gu = g, det(u) =1

where g is given by (48), is called SP(2n) (Symplectic)
Considering the tangent space, we come to

Definition 15. sp(2¢,C) is the Lie algebra of the complex block-matrices

(50) T = , g =q, 1 =1.

—g. Such
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4. CLASSIC LIE GROUPS AND ALGEBRAS (CONTD)

4.1. Group SL(n) and algebra si(n,C).

Definition 16. Group of n X n complex matrices satisfying the single condition

(51) det(u) = 1

is called SL(n) (Special Linear)

Definition 17. si(n,C) is the Lie algebra of traceless n xn matrices with complex coefficients.
Condition det(u) = 1 provides the condition trace(z) = 0 since

(52) deter = cirace(®)

One may choose a particular form on sl(n,C) such that

(53) ol = —x,

where dagger stands for the Hermitian conjugation. This real form is the Lie algebra for the

group SU(n):

Definition 18. Set of n X n matrices u with complex valued entries satisfying
(54) ulu = 1, detu = 1

is called the group SU(n) (Special Unitary).

4.2. Nicknames. The complex algebras have the nicknames A, B, C, D:

sl +1,C) | Ay
0o(20+1,C) | By
sp(2¢,C) | Cy
0(2¢,C) | Dy
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4.3. Adjoint representations. Recall, a representation of an algebra is a homomorphism
7 of algebra to endomorphisms of a linear space V. In addition, this linear space is called

L£-module. A Lie algebra £ itself is a linear space. Define
def

(55) mo(x)y = [ry], Vyel

It is a homomorphism of algebra due to the Jacobi identity:

(56) mo(ley]) 2 = [leylz] = [2ly2]] = [ylz=]] = [mo(x),m0(y)] = -

Definition 19. The adjoint representation of a Lie algebra is given by (55). The standard

notation for mo(x) is ade(x).

Let a basis decomposition of a Lie algebra is chosen,

L
(57) [T, z8] = Z caﬁ7 Ty
y=1
where L is the dimension of £ as the linear space. Then in this basis

(58) ad(zq) 23 = anﬁvxv = (adxa> = caﬁw
Y /677

Definition 20. K(z,y) = tmce(ad(:z‘), ad(y)> is called the Killing form.

4.4. The algebra A;. Consider A; = si(2,C) in more details. The space of traceless matrices

2x2

a b
(59) x =
c —a
has the evident basis
1 0 0 1 01
(60) h = , e = . f=
0 -1 0 0 0 0

The basis is valid both for si(2,R) and si(2,C). The algebraic relations is this basis are

(61) [h,e] =2e, [haf] =-2f, [e7f] = h.

Note, elements e and f both are eigenvectors of ad(h).
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Another useful basis of si(2,C) is

(62) g 1({0 1 g 1( 0 —i g 11 0
1 = 35 ) 2 = 35 ) 3 = 35
2\1 0 2\i o0 2\ o0 -1
One may see, 51 = € —; f, So = ¢ ; f, Sy = g The algebraic relations is S-basis are
i
(63) [S1,82] =183, [S2,53] =151, [S3,51] =15,

Confer with (26). It follows, o(3,C) = sl(2,C) (A1 = By).
Turn to adjoint representation of A;. Using (51, S2,.S3) as basis vectors, the adjoint repre-

sentation of A; (63) is

(64)
0 0 0 0 0 i 0 i 0
ad(S1) = | 0 0 i |, ad(S) = 0 00|, ad(S3) =] -1 0 0
0 —i 0 —i 00 0 00

Comparing with (22), we see ad(S;) = iTj(= L;), see the definition of L right before relations
(26).

4.5. Ideals. We will use notation [£, 8] for the subspace spanned by the set {[zy] | x € £,y €
Bl

Definition 21. A subspace J of a Lie algebra £ is an ideal if [£,7] C 7.

An ideal is a subalgebra. Algebra £ = [£, £] is always an ideal (£ is called the derived
algebra). Example: [gly, gls] = sly, sl is the ideal of gly.

The quotient space £/7 is the vector space of the equivalence classes in £: = and y belong
to the same equivalence class if and only if x — y € J. The quotient space is the Lie algebra

since
(65) [x+TJ,y+3] = [zy]|+ 7T
Example for physicists: consider

a b a b a v [aa’] ab +bd —a'b—b'd
(66) £> ; , =
0 d ¢ d 0 0 [dd']
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Clearly, condition d = 0 fixes the ideal,

a b
(67) €edJ, £/3> modulo J =
00 0 d 0 d

Clearly, as a linear space £ = T & (£/7)
Definition 22. £ is Abelian if and only if [£,£] =0
Definition 23. A Lie algebra £ is simple if it has no ideals and [£, L] = £.
In particular, the Abelian algebras with [£, £] = 0 are not classified as simple.

Lemma 1. If £ is a simple Lie algebra, then:

1
2) w(L) Csl(V).

All representations are faithful, except when w is the trivial map © : £+ 0.

(1)
(2)
(3) The only one-dimensional representation is trivial.
(4)

4) If for any non-zero x € £, w(x) = 0 then the representation is trivial.

15

Prove, for example, (4) and (3). For some z € £ let £ = [g,z], £® = [, D], etc.,

£ = [¢ g(m=1] The algebra is simple and finite, therefore for some n we must meet

£ = ¢ If n(x) = 0, then 7(£M)) = 0, etc., 7(£) = 0. (4) is proven. Next, the one-

dimensional representation is the representation by numbers, therefore for any z,y, [xy] # 0

we have 7([zy]) =0 = 7(£) = 0.

O
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5. ROOT SYSTEMS OF CLASSICAL LIE ALGEBRAS
5.1. The algebras A. Let E;; € gl;y; denote the matrix unit with single non-zero entry at

row-column position (7,7). Their key property is F;jE = d;pE;. Let $ be the set of all

diagonal traceless matrices,

l+1 {+1
(68) $ > H = {diag(z1,...,ze1)| Y 2 =0} = > a;Fy; .
=1 =1

The algebra Ay, may be decomposed 4y = @ CE;; @© $. One may see, ) is the Abelian
i#]
subalgebra. Since HEZ] == xZEZ] and EZ]H = Eijfl‘j,

(69) (adH)El-j = (l’l — xj)Eij = aij(H)Eij , VHeS®.

$ is called a Cartan sub-algebra for A,. Note, in the adjoint representation the E;; are
simultaneously eigenvectors of all elements of §) (= the root vectors).

Equation (69) introduces an important object, c;(H) def x; — ;. By definition, oy is the
set of linear functions on ), or the dual space.

The dual space® $* is spanned by the linear functions ; defined by the action
(70) g+ diag(zy,...,ze41) — .
Clearly, €1 + - - - + 441 = 0, see (68), and we have
(71) Qij =& —€j .
The complete set of these linear forms corresponding to all non-diagonal elements Ej;
(72) o = {ay; | i #j}

is called root system for Ay, o;j = €; — €; is called root. One may separate ® to the sets of

positive and negative roots,

(73) Py = {ayj i<}, P- = {ay|i>j}

5Comment for physicists. A dual space is a very common construction. In a primitive geometry, let a space
V is spanned by its non-degenerative basis e;[m]. The dual basis is defined by the orthogonality conditions
(e',e;) = hdi;, where (,) is the scalar product. The dual space V* is spanned by the vectors e‘[gm/s].Of
course, V and V™ are isomorphic. We have used the units of length [m] and momentum [gm/s] in order to

clarify that V and V™ are different spaces in general.
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A suitable choice for the basis of $* is the set of “simple roots” A:
(74) o = € —Eit1 (1<i<y),

in terms of which the complete root system has the description

(75) Op = {£(ai+aip1+-+oy) |1 <i<j< L},

Note, the set & may be represented using the set A using only integer multipliers.
Due to the one-to-one correspondence between E;; and \;;, we shall also introduce a more

general (and more useful) notation for the root vectors

def
(76) Eij = Eaij

i.e. we label the root vectors by the roots. The commutator of two root vectors with opposite

roots is an element of Cartan subalgebra,

def
(77) [Eaij7E—aij] = By — Ejj = Haij €Hn.
In particular, H,,, a; € A, form a basis of 9.
The dual space construction provides the notion of orthogonality. For any A € $* the
elements H € $: A(H) = 0 form ¢ — 1 dimensional subspace of ) (a hyperplane orthogonal
to A).

Lemma 2. V A\g, \; #m)\() eN*1dHeN: )\Q(H) #0 and )\1(H) =0.

Proof. Let 9’ be £ — 1-dimensional hyperplane orthogonal to A;. Since $* has /-dimensional
non-degenerative basis, this hyperplane is orthogonal to A\g if and only if Ag ~ A;. Otherwise,

the hyperplane contains a family of elements A\o(H) # 0. O

Lemma 3. For any root a € ® one may choose a set of elements of Cartan subalgebra
Hy, Hs, ..., H, such that N(H{)\(H3)---A(Hy,) = 0 for any root X € ® except A = +a«
(A = ka in general).

Proof. Let A1, Ao, --- be a set of distinct roots not parallel to «. Then H; comes from the
previous lemma for o« and A1, Hy comes from the previous lemma for o« and Ao, etc. Since

the number of elements of ® is finite, the finite sequence of H; exists. O
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Example: for the root system of Ag
(78) Q2 =€ —€, Q3=¢€1—€3, Q=€ €3
Let us distinguish a2. Then we choose H; orthogonal to a3,
(79) Hy, = diag(1,-2,1) : ai3(H1) =0 and ajo(H1) = —3.
Next, choose Hy orthogonal to awas:
(80) Hy = diag(—2,1,1) :  ag3(H2) =0 and aga(Ha) = —3 .
Evidently, a(Hp)a(Hz) = 0 for any o € {£ai3, tass}, and a(Hi)a(Hsz) # 0 for a = tags.

Lemma 4. Suppose that J is an ideal of Ag. If for some root o we have Ey, € J or for some

element H € $ we have H € J, then J = Ay.

Proof. Let H € 3. Any root o, a(H) # 0, provides [E,, H] = —a(H)E, € J. Therefore,
H € 7 is equivalent to E, € J for some «.
Note next that

tFE.3, a+Bc®,
(81) [Ea; Egl = § Hg at+p=0,

0, a+0¢d.
Let o € & . Since the set of all positive roots can be obtained from any single positive root «
by some sequence of addition (action by adE,,) and subtraction (action by adE_,,) of simple
roots, all Fy, € J. Applying adE_A to Ea, we obtain § € J. Finally, (adEgp_)$H = FEg_,
therefore J = Ay. O

Now the main theorem:
Theorem 1. The Lie algebras Ay, £ > 1, are simple.

Proof. Suppose,

(82) A= Hy+ )Y caBEo €7
acd

Let ¢ # 0 for some . Then

(83) A" = (adHy)(adH3) - - (adHpp)A = u(coEo + (—)"c_aFE_o) € T, u#0.
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where Hy, ..., Hy, come from lemma 3. In addition,

(84) A" = (adHy)A" = 2u(coEo — (—)"c_oE_y) € T
Therefore

1
(85) A/+§A” ~FEy €7

and due to lemma 4 J = Ay.

MATH3349
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6. ROOT SYSTEMS OF CLASSICAL LIE ALGEBRAS (CONTD, HOME READING)

6.1. Lie algebras Dy, (¢ > 2). We will use the definition (38). Let

b q
(86) T = T (pa q, T)
r o —=p

Write Ej; for the £ x £ matrix units (basis of p) and E};;) = Eij — Ej; (basis of ¢ and p). Let
$ be the set of matrices of the form (notation (p,q,r))

(87) H = (diag(z1,...,2¢),0,0),

(this is obviously Abelian subalgebra) and define the linear functions on $
(88) g; : (diag(xy,...,2¢),0,0) — x;

All g; are independent. Elementary computations give

[H, (Ei;,0,0)] = (; —¢;)(H) (£3;,0,0) ,
(89) [H7 (07 E[Z’j]v 0)] = (Ei + gj)(H) (Oa E[ij]a O) )
[H> (07 0, E[ij])] = —(&+ Ej)(H) (07 0, E[ij]) )

This displays the root system for Dy:

(0) @y = {k(ei—ej) i< U{EEte) i<t ® = D UD .
For the simple roots A (basis of ) we may choose

(91) o = g —¢€iy1, 1<l, ay = ¢e1+¢ep.

To check it, note that for @,

Ei—e’fj = (Ozi+"'+0éj—1>7

(92)
gite; = (i+-+apa)+(o+-+ayp

(i <J)

As well as in the case of Ay, the set of all positive roots may be obtained from any single
positive root a by some sequence of addition and substraction of simple roots if £ > 3. Then,

repeating lemma 4, we come to

Theorem 2. The Lie algebras Dy, £ > 3, are simple.
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Dy is Abelian. In the case of Dy the roots are oy = €1 — €9, g = €1 + €2 and there are no
sequence of addition and substraction translating «y into ao. Therefore, the lemma 4 does

not work, and D- has two ideals: Dy = A ® A;.
6.2. Lie algebras C;. We use the definition (50). As for Dy,

p q
(93) r = s | o @)
ro—p

Write E;; for the £ x ¢ matrix units (basis of p) and Ey;;y = Ejj + Ej; (basis of ¢ and p). As

in Dy case,
(94) H = (diag(z1,...,2¢),0,0), & : H — x;

All €; are independent. The commutation relations are

[H, (Eij,0,0)] = (ei —¢&;)(H) (Ei,0,0),
(95) H, (OvE{ij}vo)] = (e + Ej)(H) (0, E{zy}’ 0),
[Ha (07 0, E{Zj})] = _(Ei + Ej)(H) (0’ 0, E{lj}) )

For the root system of Cy these calculations show that

(96) i = {t(ei—g;) |i<j}U{t(ei+e)) | i<}, @=d U .
The roots is the set A,

(97) A oo =¢€g—¢€i41, 1<, a = 2.

To check this assertion note that for &

gi—¢g; = (a4 +aj_1),

(98) (i <J)
gite; = (0i+-+a1)+(oj+-+ap)

The structure of the root system provides

Theorem 3. The Lie algebras Cy, £ > 2, are simple.

Note, Cl = Al.
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6.3. Lie algebras By. We use the definition (39) for By.
(99) e=1 - p g | < (mupgr).

Cartan subalgebra is an elements of p,
(100) H = (0,0;diag(z1,...,2¢),0,0), & : H — x;.
Elementary computations give
[H,(0,0; E3,0,0)] = (ei —&5)(H)(0,0; Ej;,0,0)
[H,(0,0;0, Ey;;1,0)] = (e +25)(H)(0,0;0, Epy;),0)
(101) [H,(0,00,0, Ep;;p)] = —(ei +¢;)(H)(0,0;0,0, Eyj)
[H, (0, E;;0,0,0)] = &(H)(0,E;;0,0,0)
[H,(E;,0;0,0,0)] = —&;(H)(E;,0;0,0,0) ,

The root system for By is evident,

(102) by = {:l:(é‘i—é‘j) | i<j}U{:|:(€7;+6j) ‘Z'<j}U{€i},q>:(I)+U(I)_,

the basis of & is
(103) Ao =g —gp, i<l, a=e¢p.

To check this assertion note that for 7 < j

ei—¢gj = (vi+-+aj1),
(104) gite; = (a4 +a)+ (4 +ap,
g = (ai—}—---—l—ag).

Again,
Theorem 4. The Lie algebras By, { > 2, are simple.

Recall, B1 = A;.
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A TUTORIAL

1). Parameterize an element of SO(1,1).

Solution: the group relation gives

Ul U2
(105) u = ,oud —uly, =1,

Uiz U22

MATH3349 23

One parameterization: uj; = cosh @ and w2 = sinh 6. Advantage: u(0)u(6') = u(6 +6¢).

g

. . v
Another parameterization: u1; = —— and u1s = ——, = —. The transforma-
c

Jiop T A e

tion relates an initial frame of reference and another one, moving with the speed (.

2). Prove the similarity of «/Gu = G with arbitrary non-degenerative G and v"gv = ¢

with diagonal g.

Let N be dimension of G. Let v; be eigenvectors of G:
(106) ij = Q05 , j = 1, ,N 5

where «; are real, but not necessary positive. Let they are normalized

djk
107 Ty — ik
( ) 7 Yk |ak|

Let €; = sign(a;). Combine the column-vectors v; into the matrix:

(108) B = (v1,v9,...,vN)
We have
(109) GB = (al’Ul,OAQUQ,...,OzN’UN)
Next,
v
T vy T
(110) BY = ] , B"GB = diag(e1,€2,,...,€N) = ¢ .
s

Inverse relation is G = (BT)~tgB~!. Then uI Gu = G may be rewritten

(111) (B~'uB)Tg(B™'uB) = ¢.

B gives the similarity transformation.
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3). Find the decomposition of the Lorentz group’s algebra into two ideals.

The algebra is defined by
(112) tlg+gr =0, g=diagl,—1,-1,-1).

Basis of matrix units E;;, ij = 0, 1,2, 3 is useful here. The basis of the algebra is given by six

generators. Three of then are symmetric,

(113) Ki=En+Ew, Ky=Ep+£Ey, K3==FEp3+Esy,
three of them are antisymmetric:

(114) Ty =FEsy— Eoz, To=FEi3—FEs1, 13=EFEy—E,
The algebra is

(115) (K1, Kol =T, [K1,Te)l=Ks, [Th,T2]=1T;

and cyclic permutation. Let then

1
(116) S = 5 (K £1T)
Then
(117) [ST,S5F] = iS; and cyclic perms ,

and [Sjj-:,S;F] =0.
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7. A FEW FACTS FROM THE LINEAR ALGEBRA

Let A be n by n matrix. It acts in n-dimensional vector space V. We will call A the
endomorphism of V.

More exactly, endomorphism A is a linear transformation of V. A has a matrix form with
respect to a basis v; of V. In the basis,
(118) Avj =Y v Agj .

k

If one chooses another basis, the same endomorphism will have other matrix elements.

Characteristic polynomial of endomorphism A is

(119) P() = det(A-1—-A) = [Ta=2)", > onj=n.

J=1

Since P(A) =0,

m
(120) [Tca=x)m = 0.
j=1
It is known from the Linear Algebra, any endomorphism A produces the spectral decomposi-
tion of V:
(121) V=VieWhe &V,

where Vj are defined by
(122) (A=X)"V; = 0, dimV;=n;.

In particular, if n; = 1, V; is one-dimensional, V; = cuvj, v; is called eigenvector.
Let n; # 0 and let v;, be n;-dimensional basis of V;. Then
n;
(123) (A= XNk = > pjimavr -
=1
From (122) it follows, u?j = 0. Such matrices are called nilpotent matrices (or Jordanian
cells). Example,

(124) o= ., pr=0.
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On the subspace Vj, A is the sum of unity A\; and the nilpotent matrix p. Gathering all the

subspaces we get

AV = A+
(125) ! ! !
AV = AV + AV

where A, may be diagonalised (all elements of V; are eigenvectors of A,), Ay, is nilpotent.
Definition 24. An endomorphism is semi-simple if its eigenvectors form a basis for V.
Definition 25. An endomorphism A is nilpotent if for some m, A™ = 0.

By construction (125), any endomorphism has a unique decomposition A = A, + A,, (Jordan-
Chevalley decomposition), where Ay is semi-simple, A, is nilpotent and [Ag, A,,] = 0.
Lemma 5. Let [A, B] =0 and A has the spectral decomposition g Vj. Then BV; CV;

j=1
Proof: let vy, k =1,...,dim V}, be a basis of V;. Then

(126) (AB—BA)vy, = (A=X;)Bop—Y puBuy =0 = (A=X)"BV;=0 = BV;CV;.
l

O
It follows,

Lemma 6. Commuting semi-simple endomorphisms may be simultaneously diagonalised.

Definition 26. A set © of endomorphisms of a vector space V is reducible with respect to

subspace W C V if AW CW for any A € 6.

Lemma 7. (Schur) Suppose a set & of endomorphisms of V is irreducible. Then any
endomorphism B: [A,B] =0VY A € &, is a multiple of unity.

Proof. Suppose the spectral decomposition of Bis V] ® Vo @ ---. Then all A € & must have

V; as invariant subspaces, therefore the spectral decomposition of Bis V = B =c- 1+ By,

B,,-nilpotent. Let further V! = B,V =V A € &, AV' = AB,V = B,AV C V' = & is

reducible unless B,, = 0. O
Turn back to the Lie algebras.
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Theorem 5. (Jordan-Chevalley) Let £ be simple finite-dimensional Lie algebra. Any
x € £ has unique decomposition x = s + n, its semi-simple and nilpotent elements s,n € £,

such that for any representation m
(127) m(x) = m(x)s +7(x), : w(x)s=mn(s), 7(z),=m(n).

We do not need a complete proof of the theorem, we need actually its consequence: if adex

is semi-simple/nilpotent, then 7(x) is semi-simple/nilpotent.

Lemma 8. Let A be an endomorphism of the vector space V. If A is semi-simple/nilpotetnt

s0 15 adA.

Proof. (i) If A is semi-simple, choose the basis of its eigenvectors v; as the basis of V. Fix the
basis of End(V'): Ejjv; = v;j. Then (adA)E;; = (a; — a;)Eyj, that is, adA is diagonal.

(ii) (adA)"B is a sum of the terms A*BA" % 0 < k < n. It follows immediately that adA is
nilpotent if A is. 0

End of lecture -- Next lecture

Lemma 9. Let A € End(V) with A = As + A, its Jordan-Chevalley decomposition. Then
the decomposition of adA is adA = adAs + adA,,.

Proof. The previous lemma shows that adAs and adA,, are semi-simple and nilpotent respec-
tively. One may verify, they commute — therefore the uniqueness condition for the decompo-
sition is satisfied. 0

Now we are ready to prove Jordan-Chevalley theorem in its weak form. Let adgex is simple.
Then ad(g)m () is as well simple. Therefore 7(x) must be simple, otherwise ad(g)m(z) would

have a nilpotent part. ]

Definition 27. A set & of endomorphisms of a vector space V is completely reducible if V
has the direct decomposition V =V, ® Vo @ --- ® V,,, such that AV; C V; for any A € & and

S is irreducible over each V;

Theorem 6. (First theorem of H. Weyl) Let £ be a finite-dimensional simple Lie algebra
and let w: £ — sl(V) be a finite dimensional representation of £. Then w(£) is completely

reducible.
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Remark on Proof: what is the problem. Let W C V be an invariant subspace and W/ = V/W.

Then in general
(128) ()W = AW, =)W = BW +\, W,
so that 7(x) has the block-triangular structure

By A\ w’
(129) n(z) = LV =
0 A, w
Dimensions of W and W' are in general different. The point is that A\, # 0. But 7 is the
representation of £,

[Baz, By] Al

(130) m([zy]) = W
0 [As, A,

where

(131) )\[xy] = Bx>\y — By>\x + )\xAy — )\yA;B

Everything is more or less clear with the A, and B, blocks. But A;-block is suspicious, and
if dim W # dim W', )\, are non-square matrices. Suppose, a basis of algebra is chosen, then
the set of equations (131) is a set of homogeneous linear equations for all A,, z € £. As it is
known, solutions of any set of linear homogeneous equations have a basis, so that an arbitrary
solution is a linear combination of the basic ones.

Weyl’s analytical proof of his theorem is just a general solution of the linear system (131).

It is:
(132) )\:v = BZ‘Q - QAac

where @) is an arbitrary constant dim W’ x dim W matrix. Basis solutions correspond to

matrix-unit elements of (). Then

Ba: B:c - Ax 1 - Bx 0 1
(133)  m(x) = -@ _ @, (e
0 A, 0 1 0 A, 0 1
The outmost matrices in the right hand side here are the inverse, they define the change of
the basis
w” o 1 w’ W' — QW
(134) def Q ' _ Q

w 0 1 w w
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In the new basis
B, 0
0 A,

(135) m(z) =

The existence of a basis such that 7(x) is block-diagonal, is the subject of the Weyl theorem.
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8. REPRESENTATION THEORY OF A;

8.1. Irreducible A; modules. Recall, the A; algebra is defined by (61):
(136) [he] =2e, [hf]=-2f, lefl=h.

The crucial point is that h is semi-simple (in the fundamental and in the adjoint representa-
tions), therefore for any representation m(h) is semi-simple. Then we may choose the basis
{vo,v1,...,vn} of a n+ 1-dimensional module V' such that 7(h)v; = A\jv;. We denote the set
of all eigenvalues A\; by P(m) to exhibit their dependence on the representation. This gives

the direct sum decomposition of V:

(137) V= o W
AEP(m)

where

(138) Vw = {veV |n(h)v=}

For the brevity, we will omit 7 using h instead of m(h).

Definition 28. The eigenvalues A of h, acting in the module V, are called the weights of the
representation. The corresponding subspaces Vy are called weight spaces and their elements

weight vectors.

Lemma 10. If v € V), then either ev = 0 or ev € Vyy9 # 0. Similarly, either fu =0, or
foeVy_o #0.

Proof. In the representation, [] is the commutator, [he] = 2e is equivalent to he = e(h + 2)
(139) hev = h(ev) = e(h+2)v = e A+2)v = (A+2) (ev)

and similarly for fuv. O

Since the module is finite-dimensional, there must exist a weight A\, and a non-zero weight
space Vi, for which ev = 0, for all v € V). Choose vy € Vy; such a vector is called a highest
weight vector. Define the sequence vg, v1,...,v5 by V41 = fUm,. It must terminate for some

integer J.
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Lemma 11. The action of Ay on the set of weight vectors {vy,v1,..., vy} is
fom = Umyt,

(140) ey = m(J +1—m)vy,_1,
hvy, = (J —2m)vpy, = [Um € Vi_om]

and these vectors form a basis for an irreducible module.

Proof is just arithmetics. We have highest weight vector vg: evg = 0 and hvg = Avg for some
A

Then vy, % fMuvg. Relation [hf] = —2f may be rewritten hf = f(h — 2) (it was used in
the previous lemma), moreover hf™ = f™(h — 2m), therefore hv,, = (A — 2m)v,,. The only
point is to guess e: ev,, = ¢Um—1. To calculate ¢,,, consider
(141) EVmt1 = Cm+1Um = efvm = (h+ fe)vy, = (A —2m)vy, + Cn—19m
therefore ¢+1 = (A — 2m) + ¢p—1. This is the simple recursion relation, its solution is
¢m = m(A+1—m)+ cy. Since eug =0, ¢g = 0. We now have
(142) Um = fMug, hopm=A—=2m)vy,, evy=mA+1—m)v,_1
Let now vy is “the last” vector in the sequence vy, ...,vy: fvy = 0. It means,
(143) 0 =cefvy = (fe+hvy = (cg+(A=20)vy; = (J+1)(A=J)vy

therefore A = J.
From the previous lemma we see that the weight vectors {vg,...,vs} are linearly indepen-

dent, hence they span the whole irreducible module, since they would otherwise span a proper

submodule. g

End of lecture -- Next lecture

For a given basis {vg,...,vs}, matrix forms of e, f,h may be restored with the help of
(118).

So we have proved the following classification theorem for all finite-dimensional irreducible

A1 modules:

Theorem 7. For each positive integer J, there is a unique (up to isomorphism) (J + 1)-

dimensional irreducible A1 module Vy. Its weight spaces are all one-dimensional, with weights
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J,J—=2,...,—J. The entire module is generated from a highest weight vectors vy by the action

of the algebra.

An exercise (example of how it works): Let J = 1 (J = 0 gives trivial one-dimensional

representation, the smallest non-trivial is J = 1), and choose

1 0
(144) Vg = s v =
0 1

Then relations (140) correspond exactly to (60).

8.2. Alternative parameterization. Sometimes people use another form of (140), choosing

the weight as the index of the basis vectors. Then

(145) Vy = {vs,v5-9,...,v_s}

and

(146) hvy = Avy,  evyn =dyvat2, fun=cr\va_a,
where

(147) drerss = %(J SN 24N,

The definition (140) corresponds to ¢y = 1, an alternative symmetric paramemetization is

(148) dy = cruo = %\/(J—)\)(J+2+>\).

In this normalization, f = e .

8.3. Space of homogeneous polynomials. A very simple construction reproduces all the
finite dimensional representations of Ay. Let

=x1ai, f 0 h=m1i—w 0
T2

149 = — =
( ) € T2 oz, o7, 16932 )

where e, f, h are operators acting in the space of functions of x1,x2. At the first, one may

verify
(150) lefl="h, [he]=2e, [nf]==2f,

i.e. they are some “generalized” representation of A; (generalized — because the space of

functions is not a finite-dimensional one).
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Now,
(151) vo = 7

is definitely a highest weight vector, its weight is J. Applying f to vy, we obtain (normalization
differs slightly from (140))

(152) O = x] MY vy = xf .

Therefore, the submodule with the highest weight J is formed by the polynomials

J
(153) Py(x1,22) = z:CmﬂCile”Q1

m=0
— they are called homogeneous polynomials of the power J. Thus the space of entire functions
o0
of two variables is isomorphic to the infinite direct sum & Vj.
J=0

End of lecture -- Next lecture

8.4. Decomposition of A; modules. For any finite-dimensional A; module V', there must
exist at least one highest weight vector ug. If the module V' which it generates does not
exhaust V', then we may use the Weyl theorem to get the direct sum decomposition V =
Ve V" V" is an A7 module of smaller dimension; proceeding inductively we obtain a
decomposition of V' into irreducible highest weight A; modules So we have classified all finite-
dimensional A; modules: they are finite direct sums of the irreducible modules V; described

in the previous theorem:
(154) V=VyeV,ye -V,

This statement may be verified on an important physics inspired construction.
Let £; and £y be two identical copies of the same Lie algebra £. For any = € £ let (x);
stands for the element x in £; and (x)2 stands for the same element x in £9. The copies £1

and £y are independent, [£1, £2] = 0. Define
(155) Alz) = (z)1 + (2)2-
Since [£1, £2] = 0, it is easy to see

(156) [A), Ay)] = ([zyD)1 + ([zy))2

i.e A is a specific algebra homomorphism. As a map, A : £ — £ L.
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Let further 7, be a representation of £1 in End(V(l)) and 7o be a representation of £o in
End(V®). The representation space for A(£) is then the tensor product V(Y @ V(). the
linear space spanned by the vectors v; ® w;, v; € V) and w; € V®). By definition, A(z) acts
in VI @ V) asb
(157) Az) - v; ® wj of mi(z)v; @ wj + v; @ ma(x)w; .

Since A is the algebra homomorphism, this is a representation of £.
Example: let V(Y and V® be the A;-modules with the highest weights 1. The basis of
Vi ® Vi is therefore

(158) VRV, VYU, VIRV, VIRV,

where v, v; are defined by (140) with J = 1. The highest weigh vector here is vy ® vp:
(159) A(e)vg ® v def evg @ Uy +vgRevg = 0.

Apply now A(f) to vy ® v to reconstruct its irreducible sub-module:

A(f)vo®vg = vo @ v1 +v1 g,
(f)Pvo®@vy = 201 @y,
(f)37)0®v0 =0.

(160) A
A
This sub-module corresponds to J = 2 (exercise: check the values of A(h)),

(161) Voir wy=v®u, u = v®u+v1Qv, U = 201 Q0.

This basis has dimension 3 while V7 ® V7 has dimension 4. The lost vector must have form
wo = avy @ v1 + bv; ® vg. It must be a highest weight vector, and the equation A(e)wy = 0

gives a + b = 0, therefore
(162) Vo : wog = vo®@v1 —v1 Qg .

So, we have the decomposition of the reducible space Vi ® V; into irreducible V5 with the basis
uo, u1, uz and irreducible (trivial) space Vj with the single basis vector wy. Multiplication table

for the dimensions is
(163) 2x2 =3+1.

6More precisely, it is definition of (71 ® m2)A(z). Sometimes people use the notation A(z) =z ®1+1® z.



INTRODUCTION TO LIE ALGEBRAS AND THEIR REPRESENTATION THEORY MATH3349 35

Comment for physicists: A comes from quantum mechanics. Consider two identical par-
ticles, the first one has coordinate x; and momentum p;, the second one — x9 and po. In
quantum mechanics x;,p; form the algebra of observables. Note, the pair x1,p; commutes
with the pair 9, py (they are independent). The whole system has the coordinate of the mass

center X = (z1 + x2)/2 and the total momentum
(164) P=pi+po.

The wave function of the system if a function of two variables, ¥(z1,x2). The total momentum

acts as follows:

., 0 ., 0
(165) PYU(zy,29) = 1ha—m\11(x1,x2) + 1ha—x2\11(a?1,x2)

Equations (155) is the formalization of (164), equation (157)is the formalization of (165), the
tensor product VM) @ V(2 is the formalization of W(x1, zy).
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TUTORIAL II

Question was: direct sums, reducibility /irreducibility /complete reducibility.

Direct sum of linear spaces. Let v{,vs,...v, be a basis of n-dimensional vector space V.
m

Vectors u = Z c;v; form the m-dimensional subspace Vi C V, u € Vi. The complementary

=1
n

basis vectors w = Z ¢;v; form the (n — m)-dimensional subspace Vo C V., w € V.
i=m+1
Any vector v € V has the unique decomposition with respect to Vi and V5,

n m n
v = E civ; = E civ; + g v, = ut+w, ueVy, wel.
i=1 i=1 i=m+1

This uniqueness is the meaning of the direct sum decomposition

V=heaw.
1
Note, the basis is not only something like and , but in general
0 1
a b
v = , Uy = , ad—bc#0.
c d

Of course, any basis defines the maximal direct sum decomposition

V=VieVe  -&V,,

into one-dimensional subspaces V; = ¢;v;. In some sense it is the definition of basis.

Reducibility-irreducibility-complete reducibility of set of endomorphisms. A few
comments.

1). Let & consists on a single matrix A. A is of course reducible with respect to any its
eigenvector v; since Av; = a;v; € Vi, V; = cv;.

2). Therefore, to get the irreducibility, we must take more than one matrix in the set.



INTRODUCTION TO LIE ALGEBRAS AND THEIR REPRESENTATION THEORY MATH3349 37

3). What is the complete reducibility. Repeat the definition. A set & is completely
reducible if there is a special basis in V' such that any A € & has the block-diagonal structure

where the blocks Aq, Ao, etc., are some matrices. This structure must be the same for all
A € &. Block A; acts in the space V; € V,and V=V & Vo @ ---.

The point is: the set is completely reducible if it defines the direct sum decomposition of
the vector space V.

Example (in the block-diagonal form). & = {4, B},

1 0 O 010
A= 0 -1 0 , B = 1 00 )
0O 0 O 0 0 1
Choose the basis
0 1 0
V1 = 0 ) V2 = 0 ) V3 = 1 )
1 0 0

We see, Avy = 0 and Bvy = v1: & is reducible with respect to vi. Now let u = avy + bug €

Vas C V' (a subspace spanned by ve and v3).
Au = avy —bug € Voz, Bu=buy € Vo3

therefore & is reducible with respect to Va3. Thus, the decomposition V = V; & Vag reduces

G. Vj is one-dimensional, it is irreducible by definition. Turn to the block Va3 where

1 0
A: y B:
0 -1 10

uestion: does there exist a subspace C Va3 such that - an C { so,
Q i d h i b V' c VW h that AV C V' and BV’ C V'? If G

is reducible with respect to V.
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Since dim Vo3 = 2, dim V/ maybe only 1 (otherwise, V' = Va3 or V/ = (). But A and
B have no common eigenvectors, therefore one-dimensional V'’ does not exist. Block Va3 is
irreducible.

Therefore, the initial set & is completely reducible (it is given in the reduced form).

4). Consider another example:

1 0 0 1
A — 5 B =
0 -1 0 0
These two matrices have a single common eigenvector v; = . Therefore, the set is
1
reducible with respect to the [one-dimensional] space Vi = cvy.
1
We may write the decomposition of V, V. = V; @ Vo, where Vo = ¢ . You may
6

verify, the set of A, B has no common eigenvector of the type V;. It is the example of:

e G is reducible with respect to V1 and therefore & is not irreducible.
e G is not completely reducible because of there are no V5 such that &V, C V5 and
V=Viael.
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9. NILPOTENT AND SOLVABLE ALGEBRAS

Let us recollect the purposes of first part of our course:

1 Structure theory: To classify the finite-dimensional simple Lie algebras and

2 Representation theory: To classify their representations.

To achieve our both purposes, we need a more information about subalgebras of a simple Lie

algebra.

9.1. Definitions. Given a Lie algebra £, define a descending chain of ideals by
(166) et =[g,¢8, £ =1[geh, - gr =g e,

The power sign stands for “adjoint power”.

Definition 29. The chain of ideals (166) is the lower central series.

Definition 30. A Lie algebra £ is nilpotent if £™ = for some integer m.

Do not mix the notion of nilpotent endomorphism and nilpotent algebra!

Given a Lie algebra £, let
(167) ¢ =1[gg, & =1[g¢&], ... g = [ghD gl-1]
Definition 31. The chain of ideals (167) is the derived series.
Definition 32. A Lie algebra £ is solvable if £ =0 for some integer m.

9.2. Examples of nilpotent algebras. We already have examples of both nilpotent and
solvable algebras. They are subalgebras of a simple Lie algebra. From our examples Ay, By,

Cy and D, we know that the basis of an algebra may be separated into three sets:
(168) By = {Ey|acdr}, B_ ={E,|acd_},

and the Cartan subalgebra $: a subalgebra of commutative semi-simple elements. Subalgebras
B are known as Borel subalgebras.

For any «a, 8 € @, we have

(169) BBy = { Pt atfee,

0 otherwise
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The root system is finite (the algebra is finite), therefore there is a root ag € ® such that
ag+a ¢ O for any other o € ®,. This root is called the maximal root. It follows, the Borel

subalgebra B is nilpotent:

(170) B4, [By, - [B,By]--]] = 0.

several times

From (169), [Eqa,, Eo] = 0, therefore the maximal root vector is the center of B (see definition
6). Existence of the center is the common feature of all nilpotent algebras: if £ = 0 but
£m=t £, then £m~ ! = Z(2).

One more definition and theorem (relating nilpotent algebras and nilpotent endomor-

phisms):

Definition 33. An element x of Lie algebra is called ad-nilpotent if adx is nilpotent,

(171) (ade)™e ¥ o)z, [2,8]---] = 0.
—_——

m times

Theorem 8. (Engel) A Lie algebra is nilpotent if and only if all its elements are ad-nilpotent.

Proof is quite evident, use the definitions and finiteness of Lie algebra’s dimension. O
Remember now the Jordan-Chevalley theorem 5: if an element of simple algebra is nilpotent
in one representation, it is nilpotent in all other representations. In this section we are talking
not about a single element, but about the set of elements, whole (sub)algebras.
Comment: formally, an Abelian algebra is nilpotent. Feature of an Abelian algebra 2 is
that A' =0, i.e. A = Z(A) and adA = 0. We will exclude the Abelian subalgebras from the

definition of nilpotent algebras.
9.3. Solvable algebras. Turn to the solvable subalgebras. Let € = B, & $. We may see,
(172) [Q:a Q:] = [%—H %—i-] ® ['67 %+] = By

i.e. the first derived algebra of € is the nilpotent algebra. The subsequent derived algebras
will soon disappear, therefore € is the solvable algebra.
It appeared in this example, the first derived algebra of a solvable algebra is the nilpotent

one. This is the subject of the criterium theorem:

Theorem 9. A Lie algebra € is solvable if and only if the first term [€, €] in the derived

series is a nilpotent algebra.



INTRODUCTION TO LIE ALGEBRAS  AND THEIR REPRESENTATION THEORY  MATH3349 41
9.4. Representations of solvable algebras.
Theorem 10. (Lie) Let V' be a module for solvable algebra €. Then there exists a basis in
V' relative to which all the matrices of € are upper-triangular.
The theorem states that there is a basis in V' such that for any x € €

Tl T2 T33
0 woo o3
0 0 33
0 0 0

(173) () =

In particular, the nilpotent algebra [€, €] is represented by strictly upper-triangular, and
therefore nilpotent matrices. It proves the theorem 9.

The key feature of (173) is that the vector column(1,0,0,...,0) is a common eigenvector
for all elements of the algebra.

Volunteers may read the proof of the theorem as a homework.

To prove Th. 10, we need a lemma.

Lemma 12. Let € C gl(V) be a solvable Lie algebra. Then there is a common eigenvector

veV: Av= A A)v for all A € €.

The eigenvalue A(A) in this lemma is some linear function on the algebra: if Av = A\(A)v and
Bv = A(B)v then (A + B)v = (A(A) + A(B))v = A(A + B)v.
Proof.

(i) Consider first an algebra of the type £ = X + J, where J is an ideal of £ such that
dim £ —dimJ = 1. X is a single element completing J to £, and since J is the ideal, [X 7] C 7.

Suppose J has a common eigenvector u, Au = A\(A)u for any A € J. Consider the of vectors
(174) w, Xu, X2u, ... X" lu,
and let us cut this chain on the first X™u such that
m—1 .
(175) XM= Y piX'u.
i=0

It means, the vectors (174) form some basis of the invariant subspace of X. Since V is finite

dimensional, basis (174) is finite.
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Using
(176) AX = XA + [AX], Aand[AX]€T,

one may conclude

AXu = MA)Xu + MN[AX])u,

(177) i
AXTu = MAXTu+> Ar(A) X,
k=0
Therefore, in the subspace (174),
0
Ak * Po
10
A % pl
(178) A= Cx =] 10 m |
A

L pma
where * stand for A;,. Condition [AX] € J means that [AX] must have the same upper-
triangular form as A with diagonal A([AX]). Direct calculation of the commutator of matrices
(178) gives immediately A([AX]) = 0 and all other A;;, = 0 as well. Now let v be an eigenvector
of X in the subspace (174), Xv = cv. Since A is the A\(A)-multiple of unity, Av = A(A)v.
Denoting ¢ = A(X), we have Av = A\(A)v for any A € £. We thus prove: If an ideal of an
algebra has a common eigenvector, then the algebra has a common eigenvector as well.

(ii) Turn to a solvable algebra. Algebra is solvable if ¢’ # €, i.e. dim€ — dim¢’ > 0.
Clearly, any subalgebra J: ¢’ C J, J # € is an ideal of €. Therefore a solvable algebra € may

be presented as a chain

(179) C=z210¢, € =220C,...
with some elements xj € €, so that €1 is an ideal of €. Thus
(180) C =112 B 1PrL

Here L = dim¢€. Now use (i). The last element z; has an eigenvector = the algebra

¢r 9 =xr_1 ® xr has a common eigenvector since €;_1 = xy, is the ideal of €;_5 = and so
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on L times, any € has a common eigenvector, therefore the solvable algebra € has a common
eigenvector. Il
Proof of Theorem 10. Lemma 12 is the tool for construction of the desired basis step-by-step.
For given solvable Lie algebra € let v; be its common eigenvector for representation 7(¢),
and vs,...,v, be a arbitrary set of vectors such that vi,vs,...,v, is the basis of V. Then
any 7(z) has the column of zeros below z1; in (173). Let V’ be the vector space spanned by

v9,...,Un, We have
(181) m(z)V' = 7' (2)V' + Mx)v;

where 7’ is defined by the choice of the basis vs,...,v,. Clearly, 7’ is the representation of
¢ in V'’ and therefore we can choose v2 to be the common eigenvector for all 7/(€). It gives
us the column of zeros below x99 in (173). Continuing this procedure, we restore the whole

upper-triangular form (173). O
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10. STRUCTURE THEORY OF SEMI-SIMPLE LIE ALGEBRAS

10.1. Adjoint representation again. The adjoint representation introduces a natural sym-
metric bilinear form which plays an important role in the structure theory of Lie algebras:

the Killing form defined by 20, page 13. Note its associativity property,
(182) K(iny], ) = Toace( [edo)ady) - (o)) (22)) = Ko y2)-

Definition 34. Symmetric bilinear form K(x,y) over a linear space £ is said to be non-

degenerate is there are no non-zero elements x with the property K(z,£) = 0.
Lemma 13. The set {x € £ | K(z,£) = 0} is an ideal of £.
Proof. If K(x1,£) = K(x2,£) =0, then K([z1, 2], £) = K(x1, [22, £]) = 0. O

Lemma 14. Let J be an ideal of £. Then the restriction of the Killing form to J coincides

with the Killing form defined for 3 as an algebra in its own right.
Proof. We must prove that
(183) Traceg(adzr ady) = Traces(adx ady), Vr,y€7TJ.

Choose a basis in J and extend it to £. In this basis the matrices adx, ady and adx ady have

the block form

1, x x x
(184) adx = b , ady = v , adrady = R
0 0 0 0 0 0

so the contribution to the trace comes only from the action in J. ]

Theorem 11. (Cartan’s criterion). A Lie algebra is solvable if K([££], £) = 0.

Proof. According to the Lie theorem, in any representation we may choose a basis such that the
solvable algebra may be represented by upper-triangular matrices. Adjoint representation if
not an exception. If z € ad[££] — strictly upper-triangular and y € ad€ — upper triangular, it is
easy to see that xy is strictly upper-triangular (has empty diagonal), therefore K ([££], £) = 0.
O

Note, Cartan’s criterion works not only in adjoint representation, but in any representation

[with K (z,y) = Trace(n(z)7(y))].
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Sometimes it is strange to see that very similar things are proven in theorems with different

names. History of XIX century is mysterious.

10.2. Semi-simple Lie algebras.

Definition 35. (Semi-simple Lie algebra). A Lie algebra £ is semi-simple if and only if

it has no solvable ideal.

Do not mix semi-simple endomorphisms and semi-simple algebras. Evidently, simple algebra

is semi-simple.
Theorem 12. A Lie algebra £ is semi-simple if and only if its Killing form is non-degenerate.

Proof. If £ has a solvable ideal, the Killing form is degenerative — it follows from lemma 14 and
theorem 11. If Killing form is degenerative, i.e. there exist an element z: K(x, £) = 0, then z
forms an ideal. One-dimensional ideal is of course solvable (easy to prove that one-dimensional

ideals are centers of solvable ideals). O

Theorem 13. Let £ be a semi-simple Lie algebra. Then there exist ideals £1, £o,..., £ of
£ which are simple (as Lie algebras) such that

(185) L£=L1PL® - L.

The decomposition is unique to within numbering.

Proof. If £ is not simple, then one may choose an arbitrary ideal J. Let J be the set
of elements orthogonal to J under the Killing form. The Killing form must be zero on the
intersection of J and J+, K(JNJ+, £) =0, so 3N I+ must be solvable, and hence must be
zero. Iterating the process of decompositions J and J+, we obtain the desired decomposition
into simple ideals. O

An example of semi-simple Lie algebra was given in some of tutorials: Do = A1 ® A;.

10.3. Structure theory: Cartan (root space) decomposition. Now we show in three

steps that any semi-simple algebra may be written as

(186) L ={Ey|ac® 09 D{E_o|acd®,}, [H E)=aH)E,,
—_— —_—

By B_
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where §) is the maximal commutative subalgebra (Cartan subalgebra), and B are two nilpo-
tent subalgebras.
Step 1 Let z;, ¢ = 1,...,n, be some initial basis of the algebra, and we are considering

the adjoint representation. There exists a simple computational procedure allowing one to

n

construct step-by step a set of linearly independent elements E; = Z kjixi, 7 =1,...,m <n,
i=1

such that

m
(187) det(\ — ZciadEj) =\, VYo, een0m
j=1

(just considering characteristic polynomial for an arbitrary element of ad€). Maximal m is
defined by condition: any other element adF,, 1 satisfying (187) is a linear combination of
{adEy,...,adE,,} = B. Evidently, B is the subalgebra of nilpotent matrices (equation (187)
is the condition for nilpotency of a matrix). Of course, construction of 98 is not unique, but
all possible choices of B are equivalent.
Step 2 Let € € £ be a set such that K(€,8) = 0. One may show (lemma), [€, €] = B,
therefore € is solvable. Use the Lie theorem: we may choose the basis such that ad€ is
upper-triangular. Use the Jordan-Chevalley theorem: any element may be decomposed into
nilpotent part € 8 and semi-simple part — the diagonal one. Define ad$) = diag(adc€).

We consider the adjoint representation, adr -y = [zy], with equivalence: [x = a vector
in £] & [adz = the endomorphism of £]. Since ad$) by construction is diagonal, adH - E; =
[H, Ej] ~ Ej, therefore our construction gives the root system: B = ZEQ, [H,E,] =

(64
a(H)E,, a € . Actually, this is the definition of ® as the set of indices of elements of B.
Step 3 The basis {EF_,} is defined by conditions K(F_n, Eg) = 6a.8, K(E_q,$H) = 0 and
K(FE_n,E_g) =0. The index —a is self-consistent, due to the associativity (182),

(188) a(H) = K([H, Ea]7E—oz) = _K([Ha E—Oé]7EOé) = [Ha E—a] = _a(H)E—a .

Using again the the associativity (182), we can see that K([EqE_,], E+g) = 0, therefore
[Ea, E—_o] € $. The complete root system & = &, U P_.
It is easy to show that (186) exhaust the whole £ (lemma), otherwise K is degenerative.
Using the root decomposition, we may find in particular

(189) K(H,H) = Y a(H)o(H), HH €8$.
acd
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An element H € §) is a regular element if a(H) # 0 for all @ € & . Regular elements do exist
(otherwise, K is degenerative), therefore ) is not empty. A feature of a regular element H is
that [H, X]|=0< X € 9.

We know that the root system @ is a lattice in the dual space H*. Killing form allows one

to establish an isomorphism between $) and $H*:
(190) AEN" & hyeH : ANH) = K(hy,H) .

10.4. Example of steps 1-3. (Home reading for volunteers). Let me show how the
steps 1-3 work for A;. We know that the matrices (22) define the adjoint representation of

Aj. An element of the algebra in adjoint representation is

0 T3 —XI2
(191) X = xoiTh+xTa+a3Ts=| —x3 0 1
T2 —X1 0

(We have changed the sign of 75 from (22). This is not essential, but makes the adjoint

representation more nice.) The Killing form in the basis Tj is

(192)
0 z3 —x 0  ys —u

K(X,Y) = Trace | —2z5 0 o —y3 0 oy = —2(x1y1 + x2y2 + T2Y3) -
xg —x1 0 y2 —y1 0O

Calculate now the characteristic polynomial,
(193) det(A — X) = A3+ (2% + 23 + 23)\

Element X is nilpotent if 22 + 22 + x% = (. Choose a simple solution of this equation, e.g.
z1 = 1,29 =i, and define E = T} + iT». One may verify in the matrix form, E? = 0.

Question: may we choose another nilpotent Y such that ¢E + Y is nilpotent (for any c) as
well? Verify: det(A — cE —Y) = A3 + ((c +y1)? + (ic + y2)? + y3)?)A, therefore cE + Y is
nilpotent if 2c(y1 +iy2) + (¥ +y5 +93) =0 = y1 +iy2 =0 and y3 = 0. Thus Y = y; E, and
cFE is the maximal nilpotent subalgebra.

Construct now €: C' = 111 + coTo + 313 € € if K(C, E) = 0.

(194) Trace(CE) = —2(c; +ica) = 0
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therefore C = ¢ E + ¢3T3 € €. Consider now the basis (the Lie theorem basis!)

1 0 1
(195) v = i , Vg = 0 , U3 = —1
0 1 0
In this basis
(196) Cvp = icgvy1, Cvy = —icivy, Cuvg = —icgvg + 2icivy
or, in matrix form
(197)
0 c3  —lc icg —icy 0
C=aFE+cls = | —c5 0 = 0 0 2
€1 — 0 initial basis 0 0 e basis v1,v2,v3

It is clear in the basis (195) that H = —2iT} is diagonal and F is nilpotent.
Last step is to construct F': K(F,E) =1, K(F,H) =0 and K(F,F) = 0. It gives uniquely
F = —(Ty —iT%)/4. Verification:

(198) (HE| = 2E, [HF|=2F, [EF]= —EH |

Standard basis corresponds to e = F and f = —4F.
Conclusion: just to note the fundamental feature of adjoint representation: any element x of
algebra corresponds simultaneously to a vector v, and to a matrix adz. This correspondence

in the initial basis was

1 0 0
(199) hheti=10], Taeta=| 1], Ts3<ts =10
0 0 1

Compare this with the basis (195):
(200) 7)1<—>E, 1}2<—>H, ’L)3<—>F.

It follows, the set of E_,, appears in fact at the stage of Lie theorem: the Lie basis must have

the form

(201) {va}, {vn}, {v-a}.
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ASSIGNMENT 1

Select five

1. Shew that a Lie algebra is Abelian if and only if its every subspace is an ideal.

2. Let the Lie algebra £ is spanned by

010 000 0 01
X1 = 0 00 , X = 0 01 , X3 = 0 00
0 00 0 00 0 00

Find an ideal of £.

3. Shew the the intersection of two ideals J and J’ of a Lie algebra £ is an ideal.

4. For a Lie algebra £ we define the derived series inductively by £*+1) = [gk) g(k))
£0) = ¢ Shew that each £*) is an ideal of all £*) for k' < k.

5. Let 3 x 3 matrices X and Z are defined by

1 0 O 010
X = 00 O , 4= 0 01
0 0 -1 100

Shew that the set & = {X, Z} is irreducible.
6. Algebra o(n) was introduced as the algebra of antisymmetric matrices. It has the basis

Ey5) = Eij — Eji, 1,5 = 1,...,n. Find the structure constants in this basis

[Byij)s By =+ 7

7. Clifford Algebra C, is the associative algebra with generators v; satisfying

Yiv; + v = 205, 4L,j=1,...,n.

Shew that
1
i) (=)
where Ej;; where defined in the previous problem, is the homomorphism of o(n).

7T:E[

8. Let n be even, o(n) = D,, /5. Find the Cartan subalgebra and root vectors in the o(n)

basis Ej;;)-
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A comment for 8. ' = (p,q,r),

1+o 1—0 o3 — 1o o3 +io
T = PO =y B AT T @

Additional collection of problems.

o Let XZ = wZX, X and Z are n x n matrices such that X" = Z" = 1, w = e2™/n,
Shew that & = {X, Z} is irreducible .

e Let A? is a semi-simple endomorphism. Shew that A is semi-simple.

e Shew that
0 : 0 0 . 0 0
= —27 = 1¢ —_ 1 R g _1¢ —_— 1 R .
h 18(;5’ e e <60+100t96¢> , f e ( 89+1C0t96¢>

is the realization of A;j.
e For the previous problem, find vy—¢ in the module with the highest weight J = 2j.
e Using the root systems, shew that By ~ Cos.



